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MITYA BOYARCHENKO 

Abstract. Let Go be a connected unipotent group over a finite field ¥ q , and let 
G = Gq ®f 9 F g , equipped with the Frobenius endomorphism Fr q : G — > G. For 
every character sheaf M on G such that Fr* M = M, we prove that M comes 
from an irreducible perverse sheaf Mq on Go such that Mo is pure of weight (as 
an i"-adic complex) and for each integer n > 1 the "trace of Frobenius" function 
tM ® ¥q v qn on Go(F g n) takes values in Q ab , the abelian closure of Q. 

We further show that as M ranges over all Fr*-invariant character sheaves on G, 
the functions tM form a basis for the space of all conjugation-invariant functions 
Go(F g ) — > Q ab , and are orthonormal with respect to the standard unnormalized 
Hermitian inner product on this space. The matrix relating this basis to the basis 
formed by the irreducible characters is block-diagonal, with blocks corresponding 
to the Fr*-invariant L-packets (of characters or, equivalently, of character sheaves). 

We also formulate and prove a suitable generalization of this result to the case 
where Go is a possibly disconnected unipotent group over ¥ q . (In general, Fr*- 
invariant character sheaves on G are related to the irreducible characters of the 
groups of F g -points of all pure inner forms of Go over ¥ q .) 
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Introduction 

This article is a sequel to [BolO] and [BD11]. In [BolO] we defined and studied 
L-packets of irreducible characters of unipotent groups over finite fields. In [BD11] 
the notion of a character sheaf on a unipotent group over an algebraically closed 
field of characteristic p > was defined, and several basic properties of character 
sheaves and L-packets thereof were established. In the present paper we study the 
relationship between irreducible characters of a group of the form Go{¥ q ), where 
G is a unipotent group over a finite field ¥ q , and character sheaves on the group 
G = Go (8>f 9 ¥ q that are invariant under the Frobenius endomorphism Fr 9 : G — > G. 

This relationship is easier to formulate when G is connected. In this case the 
number of Fr*-invariant character sheaves M on G equals the number of irreducible 
characters of Go(F q ). Moreover, every such M comes from an irreducible perverse 
sheaf M on Go such that M is pure of weight and the corresponding "trace of 
Frobenius" function t Mo on G (F g ) takes values in Q ab , the abelian closure of Q. 
With this choice of Mo we prove (cf. Theorem 1.8) that as M ranges over the set of 
Fr*-invariant character sheaves on G, the functions £m form a basis of the space of 
conjugation-invariant functions Go{¥ q ) — > Q ab , which is orthonormal with respect 
to the standard unnormalized inner product (fi | f 2 ) = X^eGo(F ) fi(9)h(g)- The 
matrix relating this basis to the basis formed by the irreducible characters of Go(F g ) 
is block-diagonal, with blocks labeled by the L-packets (Theorem 2.17(d)). 

For example, suppose G is a connected commutative unipotent group over ¥ q . 

For each multiplicative Q r local system £ on G , the function t Co : G (¥ q ) — > 
is a group homomorphism, and the map Co i — > tc is a bijection between the set 
of isomorphism classes of multiplicative local systems on Go and Hom(Go(F g ), ). 
The pure perverse sheaves on Go of weight 0, which were mentioned in the previous 
paragraph, are the complexes 1 M = £ [dimGo](dimG /2). Note that whereas the 
functions tc are orthonormal for the normalized inner product, the corresponding 
functions t Mo = q~ diraG °/ 2 tc are orthonormal for the unnormalized inner product. 

We remark that even if ultimately one is only interested in the connected case, 
studying arbitrary unipotent groups seems to be necessary because that is what 
opens up the possibility of proving the main results by induction on the size of Go- 
Indeed, as we saw in [BolO], the study of L-packets of irreducible characters 2 of 
G (¥ q ) leads us to consider characters of subgroups G' (¥ q ) C G (F 9 ) for certain 
closed subgroups G C Go that may be disconnected. Similarly, the down-to-earth 
construction of character sheaves on G that was presented in [BD11] also involves 
induction from possibly disconnected closed subgroups of G. 

1 If dim Go is odd, one needs to choose a square root of q, which also leads to the choice of a 
square root (with respect to the tensor product of local systems) of the Tate sheaf Q^(l). 
2 This notion is recalled in §2.4. 
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Thus our main goal in the present article is to formulate and prove a theorem on 
the relationship between character sheaves and characters when G is an arbitrary 
unipotent group over ¥ q . In general, there may be more Fr*-invariant character 
sheaves on G than there are irreducible characters of Go(F q ). For example, if Go 
is a finite discrete unipotent group over ¥ q , then G can be viewed as an abstract 
finite p-group T on which the Frobenius endomorphism acts trivially. Character 
sheaves on T are the same as irreducible objects of the category of T-equivariant 
sheaves of vector spaces on T (with respect to the conjugation action), and they 
are automatically Fr*-invariant. Unless T is trivial, the number of such objects is 
strictly greater than the number of irreducible characters of the group Go(¥ q ) = T. 

The example mentioned in the previous paragraph is discussed in more detail in 
§2.1. It naturally leads us to consider all pure inner forms 3 of G over ¥ q . This 
phenomenon is also related to the fact that if M is a conjugation-equivariant £-adic 
complex on Go, then for each a G ff 1 (F (? , Go), we get an £-adic complex Mq on 
the corresponding pure inner form Gq, and hence a conjugation-invariant function 
tMg '■ Gq(F,j) — > Q e . Taking into account the fact that a Fr*-invariant character 
sheaf on G determines a function on Gq (¥ q ) for each a G H 1 (¥ q , G ) allows us to find 
the correct formulation of the relationship between character sheaves and irreducible 
characters for a possibly disconnected unipotent group over ¥ q (Theorem 2.17). 

At the end of §2.6 we discuss the organization of the remainder of the article. 

Acknowledgments. The results on the relationship between character sheaves and 
characters of unipotent groups over finite fields, which are proved in this article, were 
conjectured several years ago by Vladimir Drinfeld. 

I am very thankful to him for introducing me to this area of research, for his 
continued support and advice, and for teaching me the techniques used in this 
article. I am grateful to him and to Alexander Beilinson for suggesting numerous 
improvements in the exposition. I am especially indebted to Drinfeld for suggesting 
an approach to showing that there are "sufficiently many" character sheaves on a 
unipotent group G over ¥ q (so that the associated "trace of Frobenius" functions 
span the space of all conjugation- invariant functions on G (F ? )), which is shorter 
and clearer than my original argument. 

I thank Martin Olsson for helpful email correspondence and for suggesting to me 
the reference [SulO]. 

I must also acknowledge great intellectual debt to George Lusztig, both because 
he conjectured in [Lu06] the existence of a theory of character sheaves on unipotent 
groups, and because his work on character sheaves and characters of reductive groups 
over finite fields inspired, to a large extent, the results of the present article. 

3 Note that if Go is connected, then by Lang's theorem [La56], the Galois cohomology H 1 (¥ qi Gq) 
is trivial, and thus Go only has one pure inner form, namely, Go itself. 
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Notation. We work with two fixed primes p ^ I. We choose an algebraic closure 
F of a field with p elements and an algebraic closure Q e of the field of £-adic 
numbers. All our geometric objects are defined over a field of characteristic p > 0, 
and all derived categories are those of constructible Q r complexes. If Mo is such a 
complex on a scheme Xo of finite type (or a perfect variety) over a finite field ¥ q , 
the corresponding "trace of Frobenius" function is denoted by t Mo '■ X (W q ) — > Q e . 
We write M ®f 9 ¥ q n for the pullback of M via the projection X ® Fq ¥ q n — y X . 

We will denote by Q ab the abelian closure of Q in Q e , and by z *-> z the complex 
conjugation automorphism of Q ab . If r e N, we write /j, r C Q e for the subgroup 
consisting of r-th roots of unity. We also write F p r c F for the unique subfield 
consisting of p r elements. 

1. The connected case 

In this section we review the definitions of character sheaves and L-packets thereof 
and then state our main result for connected unipotent groups over finite fields. 

1.1. Perfect schemes and groups. We recall that a scheme S in characteristic 
p (i.e., such that p annihilates the structure sheaf Os of S) is said to be perfect if 
the morphism Os — > Os, given by / i — > f p on the local sections of Os, is an 
isomorphism of sheaves. As explained in [BD11, §1.9], it is more convenient to work 
with perfect schemes and perfect algebraic groups when developing the theory of 
character sheaves on unipotent groups (see loc. cit. for more details). We follow the 
same approach in this article and, for brevity, introduce the following terms. 

Definitions 1.1. Let A; be a perfect field of characteristic p > 0. 

(1) A perfect variety over A; is a perfect scheme over k that is isomorphic to the 
perfectization [Gr65] of a scheme of finite type over k. 

(2) A perfect group over A; is a group object in the category of perfect varieties over 
k; equivalently [BolO, Lemma A. 7], it is a group scheme over k that is isomorphic 
to the perfectization of a group scheme of finite type over k. 

(3) A perfect unipotent group over k is a group scheme over k that is isomorphic to 
the perfectization of a unipotent algebraic group over k. 

Remark 1.2. Even though we formulate and prove the results of the present article 
in the context of perfect unipotent groups over finite fields, the same statements 
are also true for a usual unipotent group G over ¥ q . The reason is that if G p erf is 
the perfectization of Go, then the natural morphism Gq 67 ^ — > Go induces a group 
isomorphism GQ er ^(¥ q n) — > Go(¥ q n) for every n E N, as well as an equivalence 4 
between the etale topos of Go and that of Gg erJ 

4 In particular, character sheaves on Go and on G^ er ^ are "the same." 
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1.2. Recollections on character sheaves. Fix a perfect field k of characteristic 
p > 0. If X is a perfect variety over k, we write S>{X) = D h c (X, Q e ) for the bounded 
derived category of constructible complexes of Q r sheaves on X. If G is a perfect 
unipotent group over k acting on X, one can define the equivariant derived category 
S> G {X) as in [BolO, Def. 4.5] or [BD11, Def. 1.3]. (It would have been better to 
define 3>g{X) as the £-adic derived category of the quotient stack G\X [LO06], but 
the ad hoc approach used in [BolO, BD11] suffices for our purposes.) 

The notation 3>g{G) always refers to the conjugation action of G on itself. 

The categories &{G) and $>g{G) are monoidal with respect to the bifunctor of 
convolution with compact supports, which we denote by 5 

(M, N) i — > M * N = ((pjM) <g> (p* 2 N)) , 

where p, : G x G — > G is the multiplication morphism and pi,p 2 G x G — > G 
are the first and second projections. The unit object in each of the categories is the 
delta-sheaf at the identity element of G, which will be denoted by 1. 

An object e G @g(G) is said to be a closed idempotent if there exists an arrow 
1 — > e that becomes an isomorphism after convolution with e. It is further said to 
be a minimal closed idempotent if e ^ and for every closed idempotent e' G @g(G), 
we have either e * e' = e, or e * e' = 0. 

Remark 1.3. In [BD11], the notion of a weak idempotent in 3>g{G), defined as an 
object e G @g(G) such that e* e = e, was also used. The notion of a minimal weak 
idempotent is defined analogously to the notion of a minimal closed idempotent. By 
[BD11, Thm. 1.49(a)-(b)], the classes of minimal weak idempotents and of minimal 
closed idempotents in S^q{G) coincide when k = k. (Note that, a priori, it is neither 
obvious that a minimal weak idempotent in Q!q{G) is a closed idempotent, nor that 
a minimal closed idempotent in ^c{G) is also minimal as a weak idempotent.) 

In view of this remark, we may (and will) shorten "minimal closed idempotent" 
to "minimal idempotent" in the future (when k = k) without fear of confusion. 

For the rest of the section we assume that k is algebraically closed. 

Definitions 1.4. Let G be a perfect unipotent group over k, and let e G @g(G) De a 
closed idempotent. 

(1) The Hecke subcategory defined by e is the full subcategory e^c(G) C 3>g{G) 
consisting of objects M G 9 G {G) such that e*M ^ M. By [BD11, Lem. 2.18], 
eS>c{G) is closed under * and is a monoidal category with unit object e. 

In the remainder of the definition, assume that e is minimal. 



5 Following [BD11, §1.2], we almost always omit the letters "R" and "L" from our notation for 
the six functors defined on the derived categories 3>{X). 
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(2) Let ^l erv denote the full subcategory of e^c(G) consisting of those objects 
for which the underlying £-adic complex is a perverse sheaf [BBD82, Ch. 4] 
on G. The Lusztig packet of character sheaves on G defined by e is the set of 
(isomorphism classes of) indecomposable objects of the category ^^ erv . 

(3) An object of Q)q{G) is a character sheaf if it lies in the Lusztig packet of character 
sheaves defined by some minimal closed idempotent in $Iq(G). 

The set of isomorphism classes of character sheaves on G is denoted by CS(G). 
From now on we will write "L-packet" instead of "Lusztig packet" for brevity. 

Remark 1.5. The conjectural notion of an L-packet in the representation theory 
of reductive groups over local fields was introduced by R.P. Langlands in [La83]. 
It is hard to compare it with the notion of an L-packet because technically the 
two definitions are given in quite different terms. However, philosophically the two 
notions are closely related. Namely, as explained by R. Bezrukavnikov, L-packets 
are philosophically similar to geometric L-packets, which are, in general, larger than 
the L-packets defined by Langlands 6 . 

1.3. Properties of L-packets of character sheaves. We keep the notation of 
§1.2. In this subsection we list a few basic properties of minimal closed idempotents 
in $Iq{G) and the corresponding L-packets of character sheaves. 

Let i : G — > G be the inversion morphism, g i— >■ <? _1 . As in [BD11, Def. 1.17], 
we denote by B G : 3)(G)° — > 2>(G) the composition Dg = D G o t* = i* o B G , 
where D G is the Verdier duality functor. The functors D G and can be naturally 
"upgraded" to functors $>g(G)° — > @g(G), which we also denote by B G and D G . 

Proposition 1.6. Let G be a perfect unipotent group over k (where k = k as before), 
and let e G 3>g(G) be a minimal idempotent. Then: 

(a) ^Ml erv is a semisimple abelian category with finitely many simple objects. 

(b) There exists a (necessarily unique) n e 6Z such that D G (e) = e[— 2n e ]. 

(c) We have e[— n e ] G ^^ erv , and e[— n e ] is a character sheaf. 

(d) The subcategory = ^^ erv [n e ] C S>g{G) is closed under convolution, and is 
a monoidal category with unit object e. 

(e) The canonical functor D b (^£^ erv ) — > eS l c(G) is an equivalence of categories. 

Proof. All the assertions above are contained in [BD11, Thm. 1.15, Prop. 1.19]. □ 

Note that assertion (a) implies that L-packets of character sheaves on G are finite 
and that character sheaves in the L-packet defined by e can also be characterized 
as the simple objects of the category Ml erv . 

6 Conjecturally, L-packets bijectively correspond to "Langlands parameters." Geometric L- 
packets should correspond to Frobenius-invariant "geometric Langlands parameters" (one obtains 
geometric Langlands parameters from the usual ones by replacing the Weil-Deligne group W' K with 
Ker(TL r ] f -» Z)). Thus each geometric L-packet is a union of several ordinary L-packets. 
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The next notion [BD11, Def. 1.21] is the geometric analogue of the notion of 
functional dimension in the classical representation theory of Lie groups. 

Definition 1.7. If e G 3>g{G) is a minimal closed idempotent, the number d e : = 
(dimG — n e )/2 is called the functional dimension of e. 

We note that d e may fail to be an integer [BD11, Rem. 1.23]. One can show that 
d e ,n e > [BD11, Thm. 1.15(b)], but we do not need this fact in this article. 

1.4. Connected unipotent groups over finite fields. Let q be a power of a 
prime p, which we assume to be fixed once and for all. If Xo is a perfect variety over 
F q and Mq G @(Xq), we denote the function associated to Mo via the functions- 
sheaves dictionary by tM '■ X Q (F q ) — > Q e (see [De80], [BolO, §4.2]). Thus for each 
n G N, we also have the corresponding function tM ® Vq w q n '■ Xo(W q n) — > Q e . 

Let Go be a perfect unipotent group over ¥ q , and write G = Go®r q F. The absolute 
Frobenius morphism 7 $ 9 : G — > G induces an F-homomorphism Fr q : G — > G, 
called the Frobenius endomorphism of G, by extension of scalars. The pullback 
functor Fr* induces an automorphism of the set CS(G), and CS(G) Fr i will denote 
the set of character sheaves on G invariant under this automorphism. 

Let p r denote the exponent of Go, i-e., r > 1 is the minimal integer such that 
gP r _ i f or a jj g e Go(F). We write Z[/i p 2r,p _1 ] c Q(/i p 2r) for the subring generated 
by n p 2r and - (cf. Remark 1.9). 

Theorem 1.8. Assume that Go is a connected perfect unipotent group over F q . 

(a) If M G GS'(G) Fr 9 ; then M arises from an irreducible perverse sheaf Mq on G 
such that M Q is pure 8 of weight and the function tM ® F w q n '■ G (F 9 n) — > Q e 
takes values in the subring Z[/i p 2r,p _1 ] C Q ab C Q e for every n G N. 

(b) For each M G CS(G) Fr <i, fix a choice of Mq subject to the requirements stated 
in part (a). The functions 

{t Mo : G (Fg) — )■ Q ab | M G CS(G)^} 

form a basis of the space of conjugation-invariant functions Go(F q ) — > Q ab ; 
which is orthonormal with respect to the inner product 

(/i|/ 2 >= E his) MO)- 

9GG (F q ) 

This result is a special case of Theorem 2.17 (which yields additional information 
even for connected Go), and is only formulated separately for expository reasons. 
(The statement of Theorem 2.17 requires some additional preparations.) 

7 It is defined to be the identity map on the underlying topological space, and the map / fi 
on the local sections of the structure sheaf. 

8 The definition of a pure complex on a perfect variety over F g is recalled in §3.3. 



8 



MITYA BOYARCHENKO 



Remark 1.9. The irreducible characters of Go(¥ q ) over Q e take values in the sub- 
ring Z[fi p r] c Q e , and the corresponding minimal central idempotents in the group 
algebra of Go(F q ) are defined over Z[// p r-,p _1 ]. Thus it is natural to ask whether 
Zj[fi p 2r , p^ 1 ] can be replaced with the smaller ring Z[/z p r,p _1 ] in the statement of 
Theorem 1.8(a). If p r = 2, the answer is negative: see Example 1.10. 

For p r > 2, the answer is not known to us. The precise place in our arguments 
where it becomes necessary to consider Z[/x p 2r, p~ l ] is indicated in Remark 6.33. 

Example 1.10. Suppose that G = G a and q is an odd power of 2, so that p r = 2 and 
Zf/Xprjp -1 ] c Q. Then Q^[l] is a Fr*-invariant character sheaf on G corresponding to 
the trivial representation of G a (F q ), and if M is any pure perverse sheaf of weight 
on Go whose base change to F is isomorphic to Q^[l], then does not take values 
in Q. In fact, we must necessarily have |£m (0)| 2 — \, an d since q is an odd power 
of 2, there is no element A G Q with |A| 2 = K 

Remark 1.11. On the other hand, we observe that if p r > 2, the subring Z[/i p r] c Q ab 
always contains an element A such that |A| 2 = A • A = p. Indeed, if p = 2, one can 



take A = 1 + i, and if p > 2, one can take A = J2 a ew* y~ J C a > where y~ J * s the 

Legendre symbol and ( G /i p r is a primitive p-th root of 1. So if p r > 2, then for any 
s G Z, the ring Z[/i p r,p _1 ] contains an element A such that A • A = p s . 

Remark 1.12. The perverse sheaf M in Theorem 1.8(a) is determined uniquely up 
to tensor product with a Q r local system on G obtained by pullback from a rank 
1 local system on SpecF q such that the corresponding character Gal(F/F 9 ) — > Q e 
takes values in the subgroup consisting of elements of Q(/U p 2r) of absolute value 1. 

In particular, the function t^ is determined up to multiplication by an element 
of Q(/U p 2r) of absolute value 1. Thus the orthonormality assertion in Theorem 1.8(b) 
is unambiguous even though the functions £m are n °t uniquely defined. 

1.5. Easy unipotent groups. Recall from [BolO] that a (perfect) unipotent group 
G is said to be easy if every geometric point of G is contained in the neutral connected 
component of its centralizer. One of the main examples of an easy group (over any 
field) is the group U L n of unipotent upper-triangular matrices of size n. 

Theorem 1.13. Let Go be an easy perfect unipotent group over¥ q , and letG andFr q 
be defined as before. Choose a minimal idempotent e G S>g{G) such that Fr* e = e. 

(a) There exists a unique (up to isomorphism) weak idempotent e$ G i^Go^o) such 
that e is obtained from e by base change. Moreover, cq is a closed idempotent. 

(b) The underlying complex of eo is pure of weight 0. 

(c) The functional dimension d e is an integer, and q dimG ~ d ^ . t e() : Go(¥ q ) — > Q e is 
an irreducible character of the group Go(W q ) of degree q de . 
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(d) Every irreducible character of Go(¥ q ) over Q e is of the form q dunG de ■ t eo for a 
(unique) Fr*-invariant minimal idempotent e G S^a(G). 

This result is proved in §6.9 below. 

Remark 1.14. Theorem 1.13(c) can be generalized as follows. Suppose that Go is 
a connected perfect unipotent group over ¥ q , which is not necessarily easy, and let 
e G ^g (G ) be a geometrically minimal weak idempotent (§2.4). Then 

£x(i) 2 = ^, (i.i) 

where the sum on the left hand side ranges over all irreducible characters of Go(¥ q ) 
in the L-packet defined by eo (see Definition 2.10(b) and Remark 2.11) and d e is 
the functional dimension of the minimal idempotent e G 3>g{G) obtained from eo 
by base change. For the proof of (1.1), see §A.l. 

2. The disconnected case 

In this section we state the main result of the article, namely, Theorem 2.17. It 
is more informative than Theorem 1.8, because it explains the relationship between 
L-packets of character sheaves and those of irreducible characters (§2.4) and yields 
an explicit construction of Fr*-stable L-packets of character sheaves in terms of 
admissible pairs (§2.5) defined over ¥ q . Furthermore, it extends Theorem 1.8 to the 
case where Go is an arbitrary (possibly disconnected) unipotent group over ¥ q . 

2.1. Finite discrete groups. For motivation, we begin by discussing a simple 
situation that is the "opposite" of the connected case. Let Y be an (abstract) finite 
group, and let G be the corresponding finite discrete group scheme 9 over ¥ q . If T is 
a p-group, then G is unipotent, but this restriction is unimportant for what follows. 

The Frobenius action on G (¥) is trivial and we can identify T both with G (¥) 
and with G (¥ q ). The category QJq{G) can be identified with the derived category 
of the category of equivariant Q^-sheaves 10 on T (with respect to the conjugation 
action of T on itself); the latter is known as the Drinfeld double (or quantum double) 
of T. There is only one nonzero idempotent in @g{G), namely, the unit object, and 
it follows that the character sheaves on G are the simple objects in the category 
of equivariant Q r sheaves on T. It is known that these objects are classified up to 
isomorphism by pairs (x,p) up to simultaneous T-conjugation, where x G V and p 
is an isomorphism class of irreducible representations of the centralizer Zr(x) of x 
in T. Again, the Frobenius action on the set of all character sheaves on G is trivial. 

9 As an Fq-scheme, G is the disjoint union of copies of SpecF 9 labeled by T, and the group 
structure is induced by that on Y. 

10 That is, sheaves of finite dimensional Q^-vector spaces, where the topology on V is discrete. 
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In particular, taking x — 1, we obtain a bijection between the set of irreducible 
representations of Y — G (¥ q ) and a certain subset of the set of character sheaves on 
G. However, unless V is trivial, there are other character sheaves on G, corresponding 
to irreducible representations of the centralizers of nontrivial elements of T. 

One way to account for them is to notice that if x e T, then conjugation by x is an 
automorphism of T which can be thought of as the Frobenius corresponding to some 
F g -structure on T viewed as a discrete group over F. If Gq denotes the corresponding 
group over ¥ q , then Gg(Fg) is identified with the centralizer Z r (x) C T. 

In the language of algebraic group theory, Gq is a pure inner form of G defined by 
the conjugacy class of x. (By definition, the pure inner forms Gq and Gq are the same 
if and only if x and y are conjugate in T.) Thus we see that if we consider not only 
the irreducible representations of Go(F q ) but also the irreducible representations 
of the groups of F g -points of each of the pure inner forms of Go, we restore the 
equality between the number of irreducible characters and the number of (Frobenius- 
invariant) character sheaves. As we explain in this section, the same pattern holds 
for an arbitrary unipotent group over ¥ q . 

2.2. Functions on groupoids. Following a suggestion of V. Drinfeld, we introduce 
a formalism that will allow us to clarify the statement and the proof of Theorem 
2.17. It is inspired by the formalism of "masses of categories" used in [DF11, §4]. 

Definition 2.1. A groupoid Q is finite if its set of isomorphism classes 7r ((/) is finite 
and the automorphism group of any object of Q is also finite. 

Definition 2.2. A junction on a groupoid Q is a function tt (£) — > Q ab . We write 
Fun(^) for the vector space of functions on Q. 

Definition 2.3. If Q is a finite groupoid, we write L 2 {Q) for the space Fun(£?) equipped 
with the (Hermitian) L 2 inner product corresponding to the measure on tiq{Q) such 
that the measure of the isomorphism class of an object X e Q is equal to | Aut g(x)| • 

Remark 2.4. The total volume of this measure is equal to the mass of Q as defined 
in [DF11, §4.10]. 

Definition 2.5. Let Q be a groupoid. The inertia groupoid Xg of Q is the groupoid 
of pairs (X, /), where X e Q and / G Autg(X). More concisely, one can define Xg 
is the groupoid of 1-morphisms -BZ — > Q, or as the 2-fiber product of the diagonal 
G — > Q x G with itself. 

Definition 2.6. (a) The category of representations of a groupoid Q is the category 
of functors from Q to the category of Q r vector spaces. 

(b) If p is a finite dimensional representation of a finite groupoid Q, the character 
of p is the function on Xg given by (X, f) i->- Tr p(f). 
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Remark 2.7. Standard character theory implies that if Q is a finite groupoid, then the 
characters of irreducible representations of Q form an orthonormal basis in L 2 (Tg). 

Example 2.8. Let T be a finite group. A representation of T is the same thing as 
a representation of the groupoid BY. The inertia groupoid of BY can be identified 
with the category whose objects are elements of Y, a morphism from x to y is an 
element 7 G Y with / yx / ~f^ 1 = y, and the composition of morphisms is the product in 
T. We denote the latter groupoid by [r]. The space L 2 ([F]) can be identified with 
the space Fun(T, Q ab ) r of conjugation-invariant functions Y — y Q ab equipped with 
the standard inner product, and the assertion of Remark 2.7 amounts to the well 
known orthogonality relations for irreducible characters of finite groups. 

2.3. Pure inner forms. Pure inner forms of algebraic groups over finite fields, as 
well as some related notions, were discussed in 11 [BolO, §6]. We also summarize all 
the constructions and results we will need in this article in §4 below. For the time 
being it suffices to mention that if Go is a perfect group over ¥ q , then, given a class 
a G H 1 (¥ q ,Go) in Galois cohomology, one can define the corresponding pure inner 
form Gq] it is another perfect group 12 over ¥ q that becomes isomorphic to Go over 
F. Moreover, there is a natural monoidal equivalence ^g (G ) — — >■ S>g^{Gq), which 
we denote M 1 — y Mq and call the "transport of equivariant complexes" (see §4.4). 

Remark 2.9. Let [G ] denote the quotient stack of G by the conjugation action of 
Go on itself. The groupoid [Go](F ? ) can be identified with the disjoint union of the 
groupoids [Gq(F 9 )] (see Example 2.8) as a ranges over if 1 (F (? ,Go). 

2.4. L-packets of irreducible characters. Let Go be a perfect unipotent group 
over W q , and write G = Go ®r q F. An object eo G &g {Gq) is called a geometrically 
minimal idempotent if e * e = e and the corresponding object e G ^g(G) is a 
minimal idempotent. Given a G i/ 1 (F g ,G ), we have the corresponding pure inner 
form Gq and the geometrically minimal idempotent G S>q^{Gq) obtained from 
eo via transport of equivariant complexes (see §2.3). In particular, the function 
t e a : Gq(F,j) — y Q e is a central idempotent with respect to convolution. 

Definition 2.10. (a) For each a G H 1 (F q ,Go), consider the set of (isomorphism 
classes of) irreducible representations of Gq(F 9 ) over Q e on which the idem- 
potent t e a acts via the identity. The disjoint union of these sets is called the 
h-packet of irreducible representations of Go defined by eo- 

(b) The set of characters of the representations in (a), viewed as a subset of 13 

Fun([G ](F 9 )) = Fun(Gg (F g ), Q ab ) G o( F <f) ) ( 2 .1) 

n The term "inner form" was used in op. tit., but "pure inner form" is more appropriate. 
12 The group Gq is determined uniquely up to an isomorphism, which itself is unique up to an 
inner automorphism given by conjugation by an element of Gq (¥ q ). 
13 Equality (2.1) follows from Remark 2.9. 
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is called the ~h-packet of irreducible characters of Go defined by e§. 

Remark 2.11. This notion is formally different from the definition of an L-packet of 
irreducible characters of G (¥ q ) given in [BolO, Def. 2.7]. Pure inner forms of G 
were not considered in op. cit., and G was assumed to be connected there. If G Q is 
connected, then the two notions are equivalent, but this fact requires proof. 

Indeed, with the definition above, it is not immediate that L-packets of irreducible 
characters are nonempty. Nevertheless, in §A.3 we will prove the following result. 

Proposition 2.12. Let G be any perfect unipotent group over F q . The "L-packets 
of irreducible characters of Gq are nonempty and pairwise disjoint. Their union is 
equal to the disjoint union of the sets of all the irreducible characters of the groups 
G%(W q ), viewed as subsets of Fun([G ](F,)) . If G is connected, the notion of an 
L-packet of irreducible characters of Go(W q ) defined above is equivalent to the one 
given in [BolO, Def. 2.7]. 

2.5. Admissible pairs and Serre duality. We briefly recall a few more definitions 
from [BolO, BD11]. In this subsection k can be any perfect field of characteristic 
p > 0. If H is a connected perfect unipotent group over k, a nonzero Q r local system 
C on H is said to be multiplicative if //*£ = CM C, where \x : H x H — > H is 
the group operation in H. Roughly speaking, the Serre dual, H*, of H is defined 
as the moduli space of multiplicative local systems on H (see [BD11, §3.1] as well 
as [BolO, Appendix A] for the details). We recall (loc. cit.) that H* is a possibly 
disconnected perfect commutative unipotent group over k. 

If G is a perfect unipotent group over k and (H, C) is a pair consisting of a 
closed connected subgroup H C G and a multiplicative local system £ on H, the 
normalizer, G', of the pair (H,£) in G is defined in two steps. First, let N G (H) be 
the normalizer of H in G. Then Ng{H) acts on H by conjugation, and we have the 
induced action of N G (H) on H* . We then let G' be the stabilizer of [C\ € H*(k) in 
Nq(H) with respect to the latter action. Sometimes we write G' = Ng{H, £). 

Definition 2.13. (a) If k is algebraically closed, the pair (H,C) as in the previous 
paragraph is said to be admissible for G if the following three conditions hold: 

• Let G' be the normalizer of (H, C) in G, and let G'° denote its neutral 
connected component. Then G'°/H is commutative. 

• The /c-group morphism </?£ : G'° / H — > (G'°/H} induced by C (whose 
construction is explained in [BolO, §A.13] and [BD11, §3.3]) is an isogeny. 

• For every g G G(k) such that g £ G'(k), we have 

r\ c£ rg\ 

\(Hnwi)°' \(HnH9)°i 

where H 9 = g~ l Hg and C 9 is the multiplicative local system on H 9 obtained 
from C by transport of structure (via the map h g _1 hg). 
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(b) If k is an arbitrary perfect field of characteristic p > 0, the pair (H, C) is said to 
be admissible if the corresponding pair obtained by base change to an algebraic 
closure k of k is admissible for G ®k k. 

Remark 2.14. We do not recall the statement of the second condition in the definition 
of admissibility in detail, because it will not be explicitly used in our article. 

Proposition 2.15 (See [BolO, BD11]). Let k be a perfect field of characteristic p > 
and let G be a perfect unipotent group over k. Consider an admissible pair (H,C) 
for G and define G' C G to be its normalizer. The object e' H c G S>g'(G') obtained 
from K H <g) C G @g'(H) v ^ a extension by zero is a minimal closed idempotent in 
S>qi{G'), and ind^;(e' H£ ) is a minimal closed idempotent in S> G {G). 

In this statement, K# denotes the dualizing complex of H. The definition of the 
functor indg, : @ G ,{G') — > S> G (G) is recalled in §3.4 below. 

Definition 2.16. In the setting of Proposition 2.15, the object ind G /(e^ £ ) G 3)g(G) 
is called the minimal idempotent defined by the admissible pair (H, C). In the special 
case where G = G' , we call e' H C a Heisenberg minimal idempotent. 

2.6. The main result. The next theorem is the central result of our work. As in 
§1.4, we assume that F is an algebraic closure of a finite field with p elements, and 
recall that CS(G) denotes the set of character sheaves on a perfect unipotent group 
G over F. The notions of a character sheaf and of an L-packet of character sheaves 
defined by a minimal idempotent e G 3>g(G) were introduced in Definitions 1.4. 

Theorem 2.17. Let G be any perfect unipotent group over ¥ q , let G = G ®f 9 F ; 
and let Fr q : G — > G be the Frobenius endomorphism. 

(a) If e G 3>g{G) is a minimal idempotent such that Fr*(e) = e, there is a unique 
(up to isomorphism) weak idempotent e G &g (Go) such that e is obtained from 
e by base change. Moreover, eo is a closed idempotent in Q>g (Go)- 

(b) In the situation of (a), there exist a pure inner form Gq of Gq and an admissible 
pair (Ho, Co) for Gq defined over ¥ q such that e^ G ^g^(Gq) is isomorphic to 
the minimal idempotent defined by (H ,C ) (Definition 2.16). 

(c) Let e and e be as in part (a). Then e is pure of weight 0. Moreover, if M is 
a character sheaf in the "L-packet defined by e and Fr* M = M, then M comes 
from an object Mo G eo^G (Go) such that Mo is perverse and pure of weight 0, 
and the function t(M ® ¥q ¥ qn ) a '■ Go(¥ q n) — y Q e takes values in l Z\p p 2 r ,p~ 1 ] for 
each n G N and each a G H 1 (¥ q n,Go ®F q ¥ q n), where p r is the exponent of Go 
and we write Gq (¥ q n) in place of (G CS>f 9 F g n) a (F g n) for brevity. 

(d) In the situation of(c), the elements T Mo = (^M«) a6if w F G x £ F un ([G ? o](IF ( })) are 
linearly independent, and their span is equal to the span of the set of elements 
in the L-packet of irreducible characters defined by e (see (2.1) and Def. 2.10). 



14 



MITYA BOYARCHENKO 



(e) For each M G CS(G) Fr <i , fix a choice of M subject to the requirements stated in 
part (c). The elements {Tm \ M G CS(G) Ft q} form an orthonormal basis of the 
space Fun([G ](F 9 )) with respect to the inner product (Fi | F 2 ) = q dimG ■ (Fi, F 2 ), 
where (•, •) is the inner product on L 2 ([G }(¥ q )) (see Def. 2.3). 

A natural analogue of Remark 1.12 applies in this situation. We also observe that 
there is some redundancy in the statement of the theorem: for instance, the linear 
independence assertion in part (d) follows from part (e). 

Corollary 2.18 (of Theorem 2.17(d)). Let Go be a perfect unipotent group over¥ q , 
and let eo G ^g (Gq) be a geometrically minimal idempotent. The cardinality of 
the L,-packet of irreducible characters of G defined by e is equal to the number of 
Fr*-invariant elements in the h-packet of character sheaves defined by e . 

Remarks 2.19. (a) If G is connected, then Fun([G ](F 9 )) = Fun(G (F g ), Q ab ) G °( F *) 
and \G (¥ q )\ = q dimG . Therefore Theorem 2.17 implies Theorem 1.8. 

(b) In the situation of Theorem 2.17(a), there may not exist an admissible pair for 
Go defined over ¥ q such that the corresponding minimal idempotent (Definition 
2.16) is isomorphic to e$. Indeed, in §A.4 we construct an example in which the 
function t eo is identically zero; then one can apply Proposition 2.20. Therefore 
passing to a pure inner form of Go in Theorem 2.17(b) is necessary. 

(c) If, in the setting of Theorem 2.17(c), we take M = e[— n e ] (cf. Prop. 1.6(c)), then 
we can take M = eo[— n e ](— n e /2)®pr*Jzf for a suitable pure rank 1 local system 
J?? of weight on SpecF 9 , where pr : G — > SpecF g denotes the structure 
morphism: see §A.5. (The reason we cannot take M = e [— n e ](— n e /2) in 
general is that the corresponding function may not take values in Z[/i p 2r,p -1 ].) 

The next result is proved in §A.6. 

Proposition 2.20. Let Go be a perfect unipotent group over ¥ q and eo G 2$g {Go) 
a geometrically minimal idempotent. The following are equivalent: 

(i) there exists an admissible pair (H , £ ) f or Gq such that the minimal idempotent 
defined by it (Definition 2.16) is isomorphic to e ; 

(ii) the function t eo : G (¥ q ) — > Q e defined by eo is not identically zero; 
(Hi) ieo(l) ^0. 

Let us discuss the remainder of the article in more detail. In §3 we recall the 
definition of induction functors from [BD11] and the definition of mixed and pure 
complexes on a perfect variety over ¥ q [De80, BBD82]. We also prove some results 
relating these notions. In §4 we summarize some basic definitions and facts having 
to do with pure inner forms of perfect unipotent groups over ¥ q and the transport of 
equivariant complexes. In §5 we develop some tools for relating £-adic complexes on 
a perfect variety over ¥ q to those on its base change to F. The main ingredients of 



CHARACTER SHEAVES AND CHARACTERS 



15 



the proofs of Theorems 2.17 and 1.13 are collected in §6. Finally, the more technical 
steps involved in our arguments, as well as the proofs of various side remarks made 
in the text, are provided in the Appendix. 



3. Induction functors 

3.1. Definition of averaging functors. Let k be any perfect field of characteristic 
p > 0. We begin by recalling certain definitions and constructions from [BD11]. 

Let G be a perfect unipotent group over k, let X be a perfect variety over k 
equipped with a G-action, and let G C G be a closed subgroup. Let us equip 
(G/G') x X with the diagonal action of G, let pr 2 : (G/G r ) x X — > X denote the 
second projection, and let % : X ^ (G/G') x X be the morphism taking x E X to 
(l,x), where 1 G G/G' is the image of 1 e G. 

Then the pullback functor i* : 3> G ((G/G') x X) — > ^ G >(X) is an equivalence of 
categories, and we make the following 

Definition 3.1. The averaging functor Av G / G i : *3l G i{X) — > Q>q{X) and the functor 
av G/c : @G'{X) — > 2) G (X) of averaging with compact supports are defined by 

Av G/G / = pr 24t o (i*)- 1 and av G/G / = pr 2! o 

By construction, we have a canonical morphism of functors sn g / G i — > Av G / G i. 

Lemma 3.2. The functor Av G / G r is right adjoint, and the functor &v G / G i[2d](d) is 
left adjoint, to the forgetful functor S} G {X) — > & G >(X), where d = dim(G/G"). 

Proof. This is [BD11, Lemma 1.35]. □ 

Remark 3.3. The construction of averaging functors is functorial in the sense that 
if / : Y — > X is a smooth G-equivariant morphism of perfect varieties over k 
equipped with a G-action, then we have natural isomorphisms of functors 

Av G/G> °f* - f* ° Av G/G> and av G/G' °f* ~f*° av G/G> 

where Av x , av x are the averaging functors for X and Av y , av y are the averaging 
functors for Y. (Use the proper and smooth base change theorems.) 

3.2. Averaging functors and duality. If X is any perfect variety over k, we let 
Ox : @(X)° —> 3>(X) denote the Verdier duality functor. Given an action of a 
perfect unipotent group G on X, the functor 3 X naturally lifts to *3) G {X)° ' . 

Lemma 3.4. Let G' C G be a closed subgroup, and let d = dim(G/G'). Then the 
functors B>x ° Av G / G i oD x and av G / G /[2d](d) are isomorphic. 

Proof. This is [BD11, Lemma 6.9]. □ 
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3.3. Reminder on pure complexes. We now briefly recall a few definitions from 
[De80, BBD82]. Let X be a perfect variety over ¥ q and consider a point x G X (W q n), 
that is, an Fg-morphism x : SpecF g n — y X . If J 7 is a Q r sheaf on X , then x*T 
is a continuous Q^-representation of Gal(F/F ? n). The geometric Frobenius is the 
generator F q n of Gal(F/F 9 «), defined as the inverse of the automorphism a i — > a q " . 

Definitions 3.5. (a) A Q^-sheaf J 7 on Xo is punctually pure of weight w G Z if for 
every n > 1 and every a; G Xo(F g n), the eigenvalues of F q n acting on x*? are 
algebraic numbers, all of whose conjugates in C have absolute value (q n ) w ^ 2 . 

(b) A Q r sheaf T on X is mixed if it has a finite filtration whose successive sub- 
quotients are punctually pure of some weights. The weights of the (nonzero) 
subquotients in this filtration are called the weights of T . 

(c) An object M G @(Xq) = D b c {X Q , Q e ) is said to be mixed if the cohomology 
sheaves W(M) are mixed for all % G Z. We let St m (X ) C @{X Q ) denote the full 
subcategory formed by mixed complexes. 

(d) Let w G Z. An object M G 3} m (X ) is said to have weights < w if, for every 
i G Z, the weights of W(M) are < iu + i. We let ^<„,(X ) C @ m (X ) denote 
the full subcategory formed by complexes whose weights are < w. 

(e) An object M G £i m (X ) is said to have weights > w if the Verdier dual Dx (M) 
lies in ^<_ W (X ). We let ^> W (X ) C ^ m (X ) denote the full subcategory 
formed by complexes whose weights are > w. 

(f) An object M G ^ m (X ) is pnre of weight w if M G ^< W (X ) fl ^> W (X ). 

Remark 3.6. For each integral or half-integral 14 the functor M i — > M [2d](d) 
preserves the subcategories St< w (X ) C @(Xq) and @> W (X ) C 3>(Xq) for all w G Z. 

Theorem 3.7 (Deligne, [De80], 3.3.1, 6.2.3). Lei X 0; lo ^ e perfect varieties over 
F q , and let f : F — ^ -^o ^ e an ¥ q -morphism. For every w G Z 7 i/ie functor 
/, : 0(Y O ) — >• 0(X„) tofes ^< ro (Y ) mto ^< W (X ) ; and /* : 0(Y O ) — »• 0(X„) 
tafces 3>> w (Yq) ^>w(Ar ). 

Corollary 3.8. Let G be a perfect unipotent group acting on a perfect variety X 
over¥ q , and let G' C G be a closed subgroup. Fix M G @qi (X ). If the underlying 
complex of M lies in St< w (X ) for some w G Z ; then so does the underlying complex 
of &v Go / G i (M). If the underlying complex of M lies in &> W (X ) for some w G Z ; 
then so does the underlying complex of Av Go / G > o (M) . Thus if M is pure of weight w 
and the canonical morphism ecv Go / G ' o (M) — > Av Go / G > o (M) is an isomorphism, then 
ecv Go / G ' o (M) is pure of weight w. 

The corollary follows from Theorem 3.7, Lemma 3.4, Remark 3.6 and the following 

14 In order to make sense of the Tate twist M i — > M (d) for half-integral d, one needs to choose 
a square root of q in Q ab . 
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Lemma 3.9. In the situation of Corollary 3.8, let Go act diagonally on (Go/G ) xX 
and define i : X ^ (Go/G ) x X by x h-> (1,x) as in §3.1. 

If N G @g ((Go/G' ) x X ) is such that (the underlying complex of) i*N lies in 
@< W (X ) for some w G Z, then N lies in @< w {{Gq/G'q) x X ). 

The proof of Lemma 3.9 is given in §A.7. 

3.4. Induction functors. If k is any perfect field of characteristic p > and G'cG 
are perfect unipotent groups over k, consider the conjugation actions of G and G' 
on themselves, and let j : G' G denote the inclusion morphism. Then j induces 
the functor j\ = j* : @qi(G') — > 3>g'{G) of extension by zero. 

Definition 3.10. The induction functor Ind G , : S>q'{G') — > &q{G\ and the functor 
ind G / : @g'{G') — > 3>g{G) of induction with compact supports, are defined as 

Ind G , = Av G / G / oj\ and ind G / = av G / G / oji. 

By construction, we have a canonical morphism of functors can : ind G , — > in d G /. 

Remark 3.11. In [BolO, §5.2.2] we gave a different definition of the functor ind G /, 
which we now recall. Form the quotient G = (G x G')/G' for the right G'-action 
on G x G' given by (g,g t ) • 7 = (gj, l^g'l)- The left multiplication action of G on 
itself induces a G-action on G. We have the G"-equivariant injection % : G' ^ G 
induced by g' n> (1,^') and the G-equivariant morphism ti : G — > G induced by 
(g,g') H> gg'g~ x . The functor i* : 2>g{G) — > @g'(G') is an equivalence, and in 
loc. ext. we defined indg, = vr, o (i*)" 1 : 3> G >(G') — >■ 3>q(G). 

It will be useful for us to know that the two constructions of ind G / lead to naturally 
isomorphic functors. This assertion is proved in §A.8. 

Let us list some properties of induction functors. The following facts result from 
Lemmas 3.2 and 3.4 together with Remark 3.3. 

Proposition 3.12. Let G be a perfect unipotent group over k, let G' C G be a 

closed subgroup, and let d = dim(G/G r ). The functor lnd G , is right adjoint to the 
restriction functor 3>g(G) — > 3>g'(G'). Furthermore, the functors D G o Ind G , oD G / ; 
D G o Ind G , oD~, and ind G /[2d](d) are isomorphic 15 '. 

The next proposition follows immediately from Corollary 3.8. 

Proposition 3.13. Let Go be a perfect unipotent group over ¥ q , and let G' C Go 
be a closed subgroup. Fix M G S>g' (G' ) and w G Z. If M G St< w (G ), then 
indg?(M) G @< W (G ). If Me ®> W (G' Q ), then Indg?(M) G ^> W (G ). Thus if M is 
pure of weight w and the canonical morphism canj^ : indg? (M) — > in( i G (M) is an 
isomorphism, then ind G (M) is pure of weight w. 

15 The functor D G : S> G {G)° — > S> G {G) was introduced in §1.3. 
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4. Pure inner forms 

Throughout this section we work with an algebraic closure F of a field of prime 
order p and a finite subfield ¥ q C F. Pure inner forms 16 of perfect groups over ¥ q 
were used in [BolO] to study the relationship between the induction functor ind^?, 

where G' is a closed subgroup of a perfect unipotent group Go over ¥ q , and the 
operation of induction of class functions from G' Q (¥ q ) to Go(¥ q ). 

The two types of induction are compatible "on the nose" when G' is connected. 
In general, the relationship is more complicated [BolO, Proposition 6.13]. We give 
a more general result in Proposition 4.12 below. 

4.1. Definitions. We follow the same conventions regarding the definition of pure 
inner forms as in [BolO]. In particular, if G is a perfect group over ¥ q , we write 
H 1 (¥ q ,G ) for the set of isomorphism classes of right G -torsors. 

Definition 4.1. A pure inner form of Go is a pair (Gi,P) consisting of a perfect 
group G\ over ¥ q and a (Gi, G )-bitorsor 17 P. 

Remarks 4.2. (1) If we fix a right G -torsor P, there exist a perfect group Gi over 
¥ q and a left action of Gi on P such that P is a (Gi, G )-bitorsor. Moreover, the 
pair consisting of G\ and this action is determined up to a unique isomorphism. 

Uniqueness follows from the observation that if P is a (Gi, Go)-bitorsor, then 
G\ represents the functor that sends a perfect scheme S over ¥ q to the group of 
S'-scheme automorphisms of P x S that commute with the right Go-action. 

Existence follows from [BolO, Lemma 6.3]. 

(2) Let a G H 1 (¥ q ,Go), and choose a representative P of the isomorphism class a. 
As we just mentioned, we obtain a corresponding pure inner form (Gi,P) of 
Go- By abuse of notation, we will write Gq for G\ and call it the pure inner 
form of Gq defined by a. The class a only determines Gq up to an isomorphism 
that is unique up to inner automorphisms. However, our primary interest lies 
in the space of conjugation- invariant functions on the group Gq(F,j), which is 
canonically determined by a. 

(3) In view of the first remark, the definition of a pure inner form of Go given above 
and the notation Gq agree with those used in [BolO]. 

Definition 4.3. If (Gi, P) is a pure inner form of a perfect group G over ¥ q and X is 
a perfect variety over ¥ q equipped with a left G - action, we write X a = (P x X)/G , 
where a = [P] E H 1 (¥ q , G ) as before and the right G -action on P x X is given by 
(p, x) ■ g = (p ■ g, g~ x ■ x). Note that X a carries a natural left action of Gq = G±. 

16 This notion is not to be confused with the concept of a pure complex recalled in §3.3. 

^Let us recall the definition. One requires that P is a perfect variety over ¥ q equipped with 
a left Gi-action and a right Go-action, that these actions commute, and that they make P a left 
(respectively, right) torsor under G\ (respectively, Go). 
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4.2. An interpretation via gerbes. In this subsection we explain a more elegant 
approach to the definition of pure inner forms and the other notions appearing in 
this section, which was communicated to us by A. Beilinson. 

Let (5 be an algebraic gerbe of finite type over ¥ q . In view of [Be03, Cor. 6.4.2], 
one can use the following concrete definition: (5 is an algebraic stack over ¥ q , which 
is isomorphic to the classifying stack of some group scheme of finite type over ¥ q . 

If we choose an object x G <2>(F 9 ) and let Go — Aut©(x), then Go is a group scheme 
of finite type over ¥ q and x determines an isomorphism BGq — > C5. Then the 
set of isomorphism classes of objects in <8(F g ) becomes identified with iJ 1 (F g ,Go), 
and if y e <2»(F 9 ), then G 1 = Aut e (y) is a pure inner form of G over ¥ q whose 
class in H 1 (¥ q ,Go) corresponds to the isomorphism class of y in &(¥ q ). Moreover, 
Isomig(x, y) is naturally a (Gi, Go)-bitorsor. Thus the datum of a triple (Go, Gi, P), 
where G and Gi are group schemes of finite type over ¥ q and P is a (Gi,G )- 
bitorsor, is equivalent to the datum of a triple (<5,x,y), where is an algebraic 
gerbe of finite type over ¥ q and x,y e <5(F g ) are objects. 

Definition 4.3 can also be rephrased in this language. To do so, let us introduce 
the following terminology for brevity. If 2) is an algebraic stack, we call a scheme 
over 2) an algebraic stack X equipped with a morphism X — > 2) such that for every 
scheme T the fiber product X x<y T is also a scheme. Now a scheme over ¥ q with 
an action of G is "the same thing" as a scheme over 18 BGq. So with the notation 
of the previous paragraph, the objects x and y determine equivalences of categories 

J schemes with a 1 ~ / schemes 1 ~ J schemes with a 1 
|^ G — action J over & J \ Gi — action J 

whose composition is the functor X t-> (P x X)/G , where P = Isom e (x,y). 

Throughout this section we will explain how the other constructions and results 
can be interpreted from the gerby viewpoint. However, for the reader's convenience, 
we will also indicate the more ad hoc arguments, which avoid the language of stacks. 

4.3. Functoriality of pure inner forms. Let ip : G' — > G be a homomorphism 
of perfect groups over ¥ q . It induces a natural map : iJ 1 (F g , G ) — > if 1 (F (? , Go). 
If /3 G H 1 (¥ q ,G' ) and a = Lp*((3), we obtain the corresponding homomorphism 
ip 13 : G'q — > Gq. If p is a closed embedding, then so is p 13 . In the latter case, we 
tacitly view Gq as a closed subgroup of Go, and G'q as a closed subgroup of Gq. 

Next suppose X' (respectively, X) is a perfect variety over ¥ q equipped with a left 
action of G (respectively, Go), and let / : X' — > X be a G' -equivariant morphism 

18 Given an action of Go on a scheme X over ¥ q , the quotient stack Go\AT is a scheme over BGq. 
Conversely, if X is a scheme over BGq, then the fiber product of X with the canonical morphism 
x : SpecFq — > BGq is a scheme X over ¥ q , and we get an action of Gq = Aut(x) on X. 
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(where the Go-action on X is induced via ip by the action of Go). Then we also 
obtain the corresponding G[f-equivariant morphism f& : X' 13 — > X a . 

In the special case where G' = G and ip is the identity, let us make a more precise 
statement. For any perfect group G over a perfect field k, we write G — var for the 
category of perfect varieties over k equipped with a G-action. (The morphisms in 
this category are the G-equivariant morphisms of /c-schemes.) The next lemma is a 
tautology from the gerby viewpoint of §4.2. However, it is also very easy to give a 
direct argument using Definitions 4.1 and 4.3, so we omit the proof. 

Lemma 4.4. // (Gi,P) is a pure inner form of a perfect group Go over ¥ q , the 
functor X i — > (PxX)/Go described in Definition 4-3 is an equivalence of categories 

Go— var — >■ Gi — var. 

A quasi-inverse functor is given by Y ^ G±\ (Y x P), where G 1 acts on Y x P 
diagonally and the G -action on the quotient is induced by g ■ (y,p) = (y,p- g~ 1 )- 

A A. Transport of equivariant complexes. Let (Gi, P) be a pure inner form of a 
perfect unipotent group G over ¥ q , let X G G — var, and define X 1 — (P x X )/G 
using the construction of Definition 4.3. 

Definition 4.5. We define a functor 3> Go {Xq) — > £? Gl (Xi), which we call transport 
of equivariant complexes, as follows. Let w : P x Xo — > X\ denote the quotient 
morphism, and let 7r 2 : PxX — > X denote the second projection. Observe that 7r 2 
is a quotient map for the action of Gi induced by the left Gi-action on P. Hence the 
functors tt* : @ Go {X ) — > ® GlxGo (P x X ) and w* : 2 Gl {X x ) — )■ ^ GlxGo (P x X ) 
are equivalences. We choose a quasi-inverse of w* and define the transport functor 
@ Go (Xq) ^> 3l Gl (Xi) as the composition {vj*y l o -k\. 

If a G H 1 (¥ q ,Go) denotes the isomorphism class of P (as a right Go-torsor) and 
we write Xq = X±, as in Definition 4.3, we will denote the transport functor by 

Remark 4.6. The construction of the transport functor M i — > M a involves a choice 
of a representative P of the class a as well as a choice of a quasi-inverse of the 
functor w* in the definition above. Making different choices in those steps lead to a 
canonically isomorphic transport functor, so these choices are irrelevant. 

Remark 4.7. It is also easy to define the transport functor using the viewpoint of 
§4.2. Namely, in the situation of Definition 4.5, the quotient stacks G \X and 
Gi\Xl can be naturally identified, which yields an equivalence -D^(Go\X , Q^) ^> 
D h c (G\\Xi, Q e ), where we are using the £-adic formalism of [LO06]. If we interpret 
the equivariant derived categories 3>g {Xq) and *2Iq x {X\) as D^(G \X ,Q e ) and 
D h c (Gi\Xi, Q^), respectively, we get an equivalence S# Go (X ) @ Gl (Xi), which is 
the same as the one constructed in Definition 4.5. 
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4.5. Punctoriality of transport. 

Lemma 4.8. Let Gq be a perfect unipotent group over ¥ q , and let f : X — > Y be 
a morphism in G u — var. For each a G H 1 {¥ q , Gq), the functors 

® Go {X) — ► @ G z(Y a ), M^(f\M) a and M i — > (f a )\(M a ), 
are isomorphic, and the functors 

@ Go (Y)^@ G «(X a ), N ^(f*N) a and N i — > (f a )*(N a ), 
are isomorphic. 

The lemma follows from the definitions and the proper base change theorem. 

4.6. The conjugation action. Let Go be a perfect group over ¥ q . If we let Go 
act on itself by conjugation, Go becomes an object of the category Go — var. The 
multiplication and inversion maps for Go are equivariant, and hence they endow Go 
with the structure of a group object of the category G — var. 

Next suppose (Gi,P) is a pure inner form of G and define G 1 — (P x G )/G , 
where Go acts on P x Go on the right via (p, x) ■ g = (p ■ g, g~ 1 xg). By Lemma 4.4, 
Qi has a natural structure of a group object in the category Gi— var. 

Moreover, if X G Go — var is arbitrary, the action morphism Go x X — > X is 
Go-equivariant (where Go acts on Go x Xo diagonally, the action on the first factor 
being the conjugation action). By Lemma 4.4, we obtain a natural action of Qi on 
Xi — (P x X )/G in the category Gi— var. On the other hand, we can also view 
Gi as a group object of Gi — var, and it acts on X 1 as well. 

Proposition 4.9. With the above notation, there exists a unique G\- equivariant 
isomorphism Gi — U- Q\ of perfect groups over¥ q that is compatible with the actions 
of Gi and Q\ on X\ — (P x X )/Go for every X e Go— var. 

The proposition is proved in §A.9. For us the important implication is that if Go 
is a perfect unipotent group over ¥ q and a G i/ 1 (F g ,G ), then the meaning of the 
notation ^q(Gg) is unambiguous 19 . Moreover, we have 

Corollary 4.10. If Go is a perfect unipotent group over¥ q and a G iJ 1 (F g , Go), the 
transport functor ^Goi^o) ^g%(Gq) has the structure of a monoidal equivalence. 

Proof. With the earlier notation, the transport functor ^ Go (G ) — > @Gi(Qi) is 
monoidal by Lemma 4.8. It remains to apply Proposition 4.9. □ 



Namely, wc could consider the Gq inside the parentheses as the pure inner form of Go viewed 
either as a perfect group over ¥ q or as an object of Go — var for the conjugation action of Go on 
itself; the resulting categories are canonically equivalent by Proposition 4.9. 
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Remark 4.11. Proposition 4.9 and Corollary 4.10 are essentially trivial from the 
viewpoint of §4.2. Namely, let (J5 be an algebraic gerbe of finite type over ¥ q , and 
let 3 be its inertia stack, i.e., the 2- fiber product of the diagonal & — > C5 x (J5 with 
itself (cf. Definition 2.5). Then J is a (relative) group scheme over (5. 

We have the £-adic constructible derived category D b {3, Q e ) together with an 
intrinsically defined operation of convolution with compact supports. 

Now choose x G <5(F g ) and put Go — Aut©(x). We get an isomorphism BGq 
(5, so, as explained in §4.2, 3 determines a group scheme over ¥ q equipped with 
a Go-action. That group scheme is nothing but G with the conjugation action of 
Go on itself. Moreover, the convolution functor on D b (3, Q^) corresponds to the 
convolution functor on ^ Go (G ) defined in §1.2. 

Next choose another y G 0(F ? ), let G\ = Autg(y), and write P = Isom^x, y), 
which is a (Gi, Go)-bitorsor. Then y yields an isomorphism BG\ C5 and the 
group scheme Q\ mentioned at the beginning of §4.6 is the same as the group scheme 
with an action of G\ coming from 3 — > BG\. In view of the previous paragraph, 
the assertions of Proposition 4.9 and Corollary 4.10 now become obvious. 

4.7. Induction. As we saw earlier, an equivariant complex on a perfect group G 
over F q determines an equivariant complex on each of its pure inner forms Gq, and 
hence a class function on the corresponding group of rational points Gq(F ? ). If we 
take this viewpoint on the sheaves-to-functions correspondence, the functor ind G ? 
becomes compatible with induction of class functions in a natural sense: 

Proposition 4.12. Let G be a perfect unipotent group over ¥ q , let G' Q C G be a 

closed subgroup, fix M G ^ Gq (G ) and put N = ind^? M. For each a G ^(F,, G ), 

t Na - 2^ md G ^( F(; )^, 

where the sum is taken over all (3 G if 1 (F g ,G ) that map to a via the natural map 
H\¥ q ,G' )^H\¥ q ,G ). 

This result is proved in §A.10. The symbol ind °} q denotes the usual operation 

Gq (Wq) 

of induction of class functions from the subgroup G(f (F g ) to the group Gq(F 9 ). 

Remark 4.13. As a special case of the proposition, we note that if a G i/ 1 (F g ,Go) 
is not in the image of if^F,, G' ) — > H\¥ q , G ), then t N <, = on G%(W q ). 

Remark 4.14. Write [G' Q ], (AdG )\Go and [Go] for the quotient stacks of G , Go 
and Go by the conjugation action of G , G and Go, respectively. Then the functor 
indg? can be identified with the functor tt. o l\ : D b c ([G' ],Q e ) — > D b c ([G ],Q e ), 

where i : [G' ] — > (Ad G )\G and tt : (Ad G' )\G — > [G ] are both induced by 
the natural inclusion G' Gq. So Proposition 4.12 could be deduced from the 
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(relative version of) the Grothendieck-Lefschetz trace formula for algebraic stacks 
[SulO, Thm. 4.2]. However, we prefer to give a direct proof. 

The functor of induction is also compatible with transport functors: 

Lemma 4.15. If G is a perfect unipotent group over ¥ q and G' C G is a closed 
subgroup, then for every (3 G H 1 (¥ q , G' ), the functors 

@G' (G'o) — > @g%(G%), M— >(indg?M) a and M i — > ind^(M^), 

are isomorphic, where a G ^(F^Gq) is the image of (3. 

The proof is given in §A.ll. We remark that from the viewpoint of §4.2, this 
result is obvious (use the gerby interpretations explained in Remarks 4.14 and 4.7). 

4.8. Compatibility with duality. The next result is proved in §A.12. 
Proposition 4.16. Let Gq be a perfect unipotent group over¥ q . 

(a) If X G Gq — var ; then for each a G i/ 1 (F 9 , Gq), the functors 

@g {X)° ^ ® GZ {X a ), M i— >• (D x M) a and M i— >■ © X c(M a ), 

are isomorphic. 

(b) For each a G if 1 (F g , Go), the functors 

^WG )°^ %«(££), M i — > (B>Q o M) a and M \ — > D G a(M"), 
are isomorphic. 

4.9. Compatibility with weights. The next result is proved in §A.13. 

Proposition 4.17. Let G be a perfect unipotent group acting on a perfect variety 
X overW q , and let M G 9> Go (X). Ifw G Z and M G @< W (X) (resp., M G 3>> W (X)), 
then M a G $< w (X a ) (resp., M a G $> w (X a )) for all a G H l {¥ q ,G ). 

4.10. Equivariant sheaves on a point. We now illustrate some of the notions 
discussed in this section with a specific example, which will be used in §§6.2-6.4. 
We let our base field be ¥ q and consider £-adic complexes and equivariant complexes 
(with respect to some perfect unipotent group G ) on the "point" SpecF g . A gerby 
interpretation of the material we present is explained in Remark 4.19. As we will 
see, what we are considering here is nothing but a Grothendieck-Lefschetz trace 
formula for the classifying stack of a unipotent algebraic group over ¥ q . 

Objects of ^(SpecF g ) can be viewed as bounded complexes of finite dimensional 
Q^-vector spaces equipped with a continuous action of Gal(F/F 9 ). If V* is such 
a complex, the corresponding "trace-of-Frobenius function" on the one-point set 
(SpecF 9 )(F g ) takes the value E i€ z(- 1 ) i • tr ( F ^ H>(V)), where F q G Gal(F/F 9 ) is 
the geometric Frobenius (the inverse of the automorphism a >->■ a q of F) . 
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Now suppose Go is a perfect unipotent group over ¥ q , acting trivially on SpecF g . 
Write Gq for the neutral connected component of G and 7r (G ) = G /Gq for 
the group of components of Go (a finite etale group scheme over ¥ q ). Set T = 
7To(Go)(F). It is a finite (discrete) group equipped with a (continuous) action of 
Gal(F/Fq). Objects of i^G (SpecF ? ) can be viewed as bounded complexes of finite 
dimensional Q r vector spaces equipped with a continuous action of the semidirect 
product f := Gal(F/F g ) x T. Let us describe the transport functor in this setting. 

By Lang's theorem [La56], the natural map H 1 (¥ q ,G ) — > H 1 (¥ q ,n (G )) is 
bijective. One can naturally identify H 1 (¥ q ,Tc (Go)) with the group cohomology 
set if 1 (Gal(F/F 9 ), T). In turn, since Gal(F/F g ) is topologically isomorphic to Z 
via the map taking F q G Gal(F/F 9 ) to 1 G Z, we can identify H l (GdA(¥/¥ q ),T) 
with the set of T-conjugacy classes in T that project to F q G Gal(F/F ? ) under the 
canonical homomorphism V — > Gal(F/F 9 ). Fix 7 G T and let a G H 1 (¥ q ,Go) 
correspond to the conjugacy class of 7 • F q G T. One can then identify 7To(Gq) with 
the same group T equipped with the "new" action of the geometric Frobenius, given 
by x 1 — y 7F g (a;)7~ 1 , where F q is the original action of the geometric Frobenius on T. 

In this language, if M G ^G (SpecF g ) corresponds to a bounded complex V* of 
finite dimensional Q r vector spaces equipped with a continuous action of T, then M a 
corresponds to the same complex with the same action of T, but now T is identified 
with the semidirect product Gal(F/F g ) k T in a different way, where the geometric 
Frobenius in Gal(F/F q ) corresponds to the element 7 • F q . 

Proposition 4.18 (see §A.14). In the situation above, we have 



where tu a is the trace-of- Frobenius function corresponding to the complex M a , the 
symbol* denotes the unique ¥ q -point o/SpecFg, and Hi (V') r denotes the subspace 
of Hi(V*) consisting of Y -invariant elements. 

Remark 4.19. Let & be an algebraic gerbe of finite type over ¥ q , and assume that 
the automorphism group of any object of &{¥ q ) is unipotent. Write V and V for the 
etale fundamental groups of & and <3 cg>p 9 F, respectively. Then T is an extension of 
Z = Gal(F/F g ) by T, and objects of D b c (<$, Q £ ) can be viewed as bounded complexes 
of finite dimensional Q r vector spaces equipped with a continuous action of V. 

Choose x G (J5 and put Go = Autg(x), which by assumption is a unipotent 
algebraic group over ¥ q . Then x identifies & with -BGo, the group Y with 7r (Go)(F), 
and determines a splitting of the extension 1— >Y — >Y — > Z, — > 1, which allows us to 
identify Y with the semidirect product Gal(F/F 9 ) x Y. If we interpret ^ Go (SpecF g ) 




, dim Go 



(4.1) 



CHARACTER SHEAVES AND CHARACTERS 



25 



as Dc(<3,Qe), then formula (4.1) becomes the Grothendieck-Lefschetz trace formula 
[SulO] for an object M e D b c ((5,Q e ). In fact, since D b c (BG ,Q e ) can be identified 
with Dl(Bir (G ), Q e ) by the unipotence of Go, we can even use the earlier trace 
formula [Be03, Cor. 6.4.10] for the finite stack Bir (G ). 

5. Weil formalism 

5.1. Notation. We fix an algebraic closure F of a field of prime order p and a finite 
subfield F q C F. We also fix a perfect variety X over ¥ q , write X = X <S>w q F, 
and let Fr g : X — > X denote the Frobenius endomorphism 20 , obtained from the 
absolute Frobenius X — > X by extension of scalars. 

Let £> Wed (X ) be the category consisting of pairs (M, </?), where M e @(X) 
and (f : Fr*M — ^ M is an isomorphism in @{X). Morphisms and compositions 
in £i Weil (X Q ) are defined in the obvious way. (The category @ Weil (X ) is very 
naive, but suffices for the purposes of this article.) One has a natural functor 
@(Xq) — > @ Weil (Xo), which is neither faithful nor essentially surjective. 

Let Perv Weil (X ) denote the full subcategory of $} Weil (X ) consisting of pairs 
(M, ip) for which M is a perverse sheaf on X. In this setting we have 

Lemma 5.1. The natural functor Perv(X ) — > Perv Wed (X ) is fully faithful. 

Proof. This is the first assertion of [BBD82, Prop. 5.1.2]. □ 

5.2. The formalism. In what follows we will tacitly use the following observation. 
The formalism of the six functors for the categories @(X ) extends to the categories 
@ Wetl (X ) without any changes in the notation. In particular, given an F g -morphism 
/ : Xq — > Y of perfect varieties over F ? , we have the induced functors 

/*, /, : @ Wea (X ) — )• @ Wea (Y ) and /*, f : @ Wea (Y ) — )• 2> Wea (X Q ), 

as well as the Verdier duality functor B> Xq : @ Weil (X )° ^ 3> Weil (X ), and all the 
standard adjunctions hold in this context. 

5.3. Morphism spaces. When we deal with spaces of morphisms we depart from 
our usual convention of omitting the letters 'L' and 'R'. Thus, if A and B are object 
of any category, Hom(A, B) always denotes the space of morphisms A — > B. 

If M and iV are objects of @(X ), the derived Horn between them will be denoted 
by i?Hom^(x )(M , N ). We will also need a version of i?Hom that "remembers the 
Frobenius action." To define it, let (M, (p) and (JV, ip) be the objects of @ Wea (X ) 
corresponding to M and N . 



'it is in fact an automorphism because X a is assumed to be perfect. 
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We can view R Hom^pq (M, N) as an object of f^(SpecF), and as such it can be 
"upgraded" to an object of ^ Wed (Spec¥ q ) using the composition 

Fr* 

R Hom f(1) (M, N)^R Hom f(x) (Fr* M, Fr*. N) ^ R Hom^ (x) (M, N) , 

where the second quasi-isomorphism is induced by tp and ip. We denote this object 
of @ Weil (SpecF q ) by i2Hom^ o) (M ,iVo). 

Remark 5.2. The object i2Hom^ o) (M , N ) G Wea (SpecF,) can also be obtained 
from an object of ^(SpecF g ), for example using the construction mentioned in the 
proof of [BBD82, Prop. 5.1.2]. Namely, let a : Xq — > SpecF g denote the structure 
morphism, and consider the inner Horn -R Hom fMn, Nq) G @(Xq). The pushforward 
Ra m KHom (M , N n ) G ^(SpecF,) gives rise to RH.om%$ o) (M ,N ). 

5.4. Equivariant version. In what follows we will need an extension of the earlier 
discussion to the equivariant setting. Let G be a perfect unipotent group over ¥ q 
acting on X . Note that now Fr q could stand either for the Frobenius endomorphism 
of X or for the Frobenius endomorphism of G — G CS>f 9 F, but in practice this conflict 
of notation should not cause any confusion. 

We let 3>Q Q etl (XQ) be the category consisting of pairs (M, </?), where M G @g{X) 
and cp : Fr* M — ^ M is an isomorphism in @q(X). As before, we have a natural 
functor ^g (A / "o) — > *2> g v ™ 1 {Xq), which is neither faithful nor essentially surjective. 

The formalism of the six functors also extends to the categories 5^f ed (X ). The 
construction of §5.3 can be adapted to the present situation to yield the definition 

of RRom%™ l {Xo) (M,N) G @ Weil (SpecW q ) for any M,N e 9^ eil {X ). 

Definition 4.5 can be repeated in the 'Weil setting" and yields a transport func- 
tor @}? eil (X ) ^ @]¥f l (Xg) for each a G H^W^Go). The sheaves-to-functions 

correspondence makes sense for objects of @ Wetl (Xo) and Proposition 4.18 remains 
true for objects of ^T e *'(Spec ¥ q ) with essentially the same proof. 

Next define Perv Go (X ) C @ Go ( x o) and Perv^(X ) C ^ o ei \X Q ) to be the full 
subcategories consisting of objects whose underlying complex is perverse. 

Lemma 5.3. The natural functor Perv G() (X ) — > Perv^ o e *'(X ) is fully faithful. 

Proof. By construction, the forgetful functor Pervg^(X ) — > Perv Weil (X ) is 
faithful. Hence by Lemma 5.1 the natural functor Pervc (X ) — > Perv^ e ^(X ) is 
also faithful. Next suppose Mo, No G Pervc (Xo) are objects, and let / : M — > N 
be a morphism between the corresponding objects of Perv^ eiZ (X ). By Lemma 5.1, 
we know that / comes from a unique morphism f : M — > N in Perv(X ), and 
we only need to check that f is G -equivariant. 
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Let a : Go x I — y X and tx : Gq x X — > X be the action morphism and 
the projection, respectively. The G -equivariant structures on M and iVo yield 
identifications a*M — =4 7r*M and a*N — ^ tt*Nq. We must show that a*(/o) = 
7r*(/o) modulo these identifications. By assumption, «*(/) = tt*(/)- It remains 
to observe that since a and 7r are smooth morphisms of relative dimension d = 
dimG, the objects a*M , vr*M , a*AT , 7r*iVo £ ^(G x X ) are perverse sheaves up 
to cohomological shift by d. Applying Lemma 5.1 once more finishes the proof. □ 

6. Proofs of main results 

We prove Theorem 2.17(a) in §6.1, Theorem 2.17(b) in §6.2, and the orthonor- 
mality relations for character sheaves (cf. Theorem 2.17(e)) in §§6.3-6.4. Using the 
"geometric Mackey theory" recalled in §6.5, we reduce the proof of Theorem 2.17(c) 
to the "Heisenberg case" (Proposition 6.11) in §6.6. We state some results on equi- 
variant local systems on homogeneous spaces under unipotent groups in §6.7 and 
use them to complete the proof of Theorem 2.17(d) in §6.8. Theorem 1.13 is proved 
in §6.9. Finally, Proposition 6.11 is established in §6.10. Certain technical details 
of the arguments appearing in this section have been relegated to the Appendix. 

6.1. Proof of Theorem 2.17(a). We begin with the uniqueness assertion: 

Lemma 6.1. Let C7 be a perfect unipotent group over ¥ q , and let G = Gq (8>f 9 F. If 

e ,e G ^Go(^o) are weak idempotents such that the base changes of e ande Q to F 
are isomorphic to the same minimal idempotent e G &g{G), then e = e . 

Proof. By Proposition 1.6(c), both eo[— n e ] and eo[— n e ] are perverse. Hence, in 
view of Lemma 5.3, it suffices to show that if E , E G ^^f ei/ (G ) are the objects 
corresponding to e ,e , then E and E are isomorphic. 

Now E and E both have the form (e, Fr* e —— >■ e) for two possibly different 

isomorphisms Fr* e — 4 e. By parts (a) and (c) of Proposition 1.6 and Schur's 

lemma, any two isomorphisms Fr* e — =4 e are proportional. Hence there is a scalar 

A G Q^ X such that if Jzf A G S^f ei/ (SpecFg) corresponds to the 1-dimensional vector 
space on which the Frobenius acts via A and the G -equivariant structure is trivial, 
then Eq = E ® pr* Jzf\, where pr : G — > SpecF g is the structure morphism. Thus 

E = E * E = (E ® pr*^ A ) * (E ® pr*^ A ) 

= (E * E ) ® pr*^f 2 = E ® pr*Jgf® 2 = E ® pr*^f A . 

Tensoring both sides of the isomorphism E = E ®pr*Jz?\ with the inverse of pr*Jzf A 
yields E = E , as required. □ 

Now with the notation of Theorem 2.17, fix a minimal idempotent e G £$g(G) 
such that Fr*(e) = e. By [BD11, Thm. 1.41(c)], e comes from some admissible 
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pair (H, C) for G defined over F. But (H, C) must already be defined over a finite 
extension ¥ q C ¥ q n c F. So if we write Gi = G <8>f 9 F g n, then e comes from a 
minimal closed idempotent ei G ^c 1 (G f i). 

By a slight abuse of notation, we also write Fr g = <fr q <g> id : G\ — > G\ for 
the morphism obtained from the absolute Frobenius morphism Go — > Go by base 
change. Then Fr*(ei) and e\ are both closed idempotents in ^g-SS^x) whose base 
change to F is isomorphic to e. Applying Lemma 6.1 to G\ in place of Go, we obtain 
an isomorphism p> : Fr*(ei) — ^> e-y in f^Gi(Gi). 

Choose an idempotent arrow 7Ti : 1 — > e\. Then <y?oFr*(7ri) : 1 — > e x is another 
idempotent arrow, where we tacitly identify Fr*(l) with 1. By [BD11, Cor. 2.40], 

there exists a unique isomorphism a : e\ — -± e\ such that 7Ti = a o p o Fr*(7Ti). 
Replacing y2 with a o we may and do assume that p o Fr*^) = 7Ti. 

Next observe that Fr™ : Gi — ► Gi is equal to the absolute Frobenius morphism 

for Gi over ¥ q n. In particular, we have a canonical isomorphism (Fr")*(ei) — ^ ei 
compatible with 7r±. By the uniqueness part of [BD11, Cor. 2.40], the composition 

p o Fr*^) o ■ ■ ■ o (Fr^Yip) : (Fr™)*^) e, 

is equal to the aforementioned canonical isomorphism. This means that p defines 
a descent datum for e\ relative to the finite etale cover pr : Gi — > G . Hence 
ei comes from an object eo G &Gq{Gq) and 7Ti comes from an idempotent arrow 
7To : 1 — > eo- To construct eo and 7To explicitly, observe that Gal(¥ q n/¥ q ) naturally 
acts 21 on pr^ei) = pr,(ei), take e = pr iiI (ei) Gal ^ F « n//F9 ^ and let ir : 1 — > e be the 
arrow coming from pr^TTi) : pr„(l) — >■ pr„,(ei). 

Thus e G ^g (G ) is a closed idempotent giving rise to e, as claimed. 

6.2. Proof of Theorem 2.17(b). We keep the notation of Theorem 2.17(a). Let 
e G @g (Go) De the closed idempotent constructed in §6.1. We must show that 
there exists a G H 1 (¥ q , G ) such that G @g%(Gq) comes from an admissible pair 
for Go defined over ¥ g . By Proposition 2.20, it is enough to prove 

Proposition 6.2. Given an object E = (e, p) G f§^ ei/ (Go) swc/i t/ia£ e is a minimal 
idempotent in 3>q{G), there exists a G i/ 1 (F g ,Go) such that £e«(1) 7^ ; where Eq 
denotes the image of E in ^qL^^Gq) under the corresponding transport functor 
andtEg is the associated "trace- of- Frobenius" function (cf. §5.^). 

Proof. Let us view 1 as an F g -morphism SpecF g — > Go and form the pullback 
l*-Eo G @ G v o ed (Spec¥ q ). We can apply Proposition 4.18 (or, rather, its analogue in 
the Weil setting) to the object 1*E Q . Thus we need to compute the G-invariants 



The action of the Frobenius in Gal(F g «/F 9 ) comes from the isomorphism ip. 
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(1*Eq) as an object of S lWeil {¥ q ). Writing D for the Verdier duality functor on 
Spec F q and using the standard adjunctions we obtain a chain of isomorphisms 

mi*E ) G ) - {ni*E )f - {l l B G E f - fiHom^ (SpccF9) (Q, 1 ! D G( £ ) 

= imom^ (Go) (l,© G £ ). 

We now pause to prove an auxiliary result. 

Proposition 6.3. If e e 3>g{G) is any minimal idempotent, then Hom^ G ( G )(l, e) 
is 1-dimensional and Hom^ G ( G )(l, e[r]) = /or all r E Z such that r ^ 0. 

Proo/. The functor ^ G (G) — ► e^ G (G) given by M i-> e * M is left adjoint to the 
inclusion functor e5? G (G) ^ @g{G) by [BD11, Prop. 2.22(a)]. In particular, we 
have Hom^ G (G)(l, e[r]) = Hom e ^ G(G )(e, e[r]) for all r e Z. By Proposition 1.6, the 
category .y# e is semisimple, e is a simple object of ^# e , and the natural functor 
D b (^ e ) — > e^c{G) is an equivalence. This implies the proposition. □ 

Corollary 6.4. The total cohomology of the complex (1*Eq) g (where we disregard 
the Frobenius action) is 1-dimensional. 

Proof. In view of (6.1), this is the same as showing that the total cohomology of 
i?Hom^ G ( G )(l, D G e) is 1-dimensional. However, D G e = e[— 2n e ] by Proposition 1.6. 
Hence the desired assertion follows from the proposition above. □ 

We now observe that the trace of an automorphism of a 1-dimensional vector 
space cannot be zero. Hence if we apply Proposition 4.18 to the object M = 1*E e 
^f etJ (SpecF g ), the sum on the right hand side of (4.1) is nonzero thanks to the 
corollary we just proved. It follows that £e«(1) ^ for some a G i? 1 (F g , Go). □ 

6.3. Application of a result of Gabber. We now make a short digression to prove 
the following fact, which will be used in our demonstration of Theorem 2.17(e). Let 
Q be the algebraic closure of Q in Q £ , fix an embedding i : Q ^->- C and let z i— >■ z 
denote the automorphism of Q corresponding to complex conjugation via i. 

Lemma 6.5. Let X be a scheme of finite type over ¥ q . If J 7 is a pure perverse sheaf 
of weight on X , then t ax jr = tj?, where B>x is the Verdier duality functor. 

Remark 6.6. Since J 7 is pure, the trace-of-Frobenius function tj? takes values in the 
maximal CM extension of Q inside Q. On that subfield, the automorphism z4z 
is independent of the choice of i, which is consistent with the equality to x jr = tj. 

Proof of Lemma 6. 5. Without loss of generality we may assume that J 7 is simple. 
Then by [KW01, Cor. III.5.5], T j,*(£[dim[/](dim[//2)) for a locally closed 
embedding j : U ^ X and a pure local system C on U of weight such that U re d 
(the reduced scheme associated to U) is smooth over F ? , 
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We have B X (T) = ji*(^ v [dimf/](dimf//2)), where £ v is the dual local system. 
Since C is pure of weight 0, we have ££v 0F ¥qn = t c ® F w qn for all n G N. We will 
deduce from this that t Dx jr = tj using a result of O. Gabber given in [FuOO]. 

To this end, let i\ : Q M> be the inclusion map, and let t 2 : Q '— > Qe be given 
by t2(z) = ti(z). Let / be the set consisting of the two pairs (£, L\) and (£, l 2 ). Then 
the pure perverse sheaves £[dim C/](dim U/2) and £ v [dim C/](dim U/2) on U form a 
(Q, Incompatible system in the terminology of [FuOO, §1.2]. By [FuOO, Thm. 3], J 7 
and ©x-T 7 also form a (Q, Incompatible system, proving the lemma. □ 

6.4. Proof of the orthonormality relations. In this subsection we assume that 
Theorem 2.17(c) holds (it is proved in §6.6). For each M G CS(G) Fr i we fix a choice 
of M G S>g (Co) satisfying its requirements. We will show how the orthonormality 
assertion of Theorem 2.17(e) can be deduced from these properties. In particular, it 
will follow that the elements {Tm | M G CS'((j) Fr «} are linearly independent. The 
fact that they span Fun([Go](F 9 )) follows from Theorem 2.17(d), which is proved in 
§6.8, along with Proposition 2.12. 

By Lemma 6.5 and Proposition 4.16(a), we have 

£(b Go m )« = *m « for all aeH 1 (¥ q ,G ). (6.2) 

Remark 6.7. Before delving into the remainder of the proof, let us explain the 
interpretation of the argument we will give from the viewpoint of the Grothendieck- 
Lefschetz trace formula for stacks. For each M G CS(G) Ft * we view M as an 
object of D^([Go],Qe), where [G ] is the stack quotient of G by the adjoint action 
of Go on itself. If pr : [Go] — > Spec ¥ q is the structure morphism, it turns out that 
given M,N G CS(G) Fr «, we have pr,(M <g> DiVo) = Q e in degree if M = N and 
pr ; (Mq ® DiVo) = otherwise. Applying the Grothendieck-Lefschetz trace formula 
to M ®H)N yields an identity, which in view of (6.2) turns out to be equivalent to 
the orthonormality relations of Theorem 2.17(e). 

We now explain how to rephrase this proof without using the language of stacks. 
Unraveling the definition of the inner product (• | •) given in Theorem 2.17(e), we 
find that the orthonormality relations for character sheaves are equivalent to the 
following assertion: given any M,N G CS(G) Ft " j we have 

/ g dimG \_/l ifM = iV, 

]gJ(wJ\ ^ ^(^Ag) - < a m ¥ n. (6 - 3) 

To prove (6.3), let pr : G — > SpecF 9 denote the structure morphism. By the usual 
Grothendieck-Lefschetz trace formula (for schemes), we have 

^ t M >g,0 Go (No)(g) = tp T ,(M ®®G N )(*), 

geG (¥ q ) 
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where * denotes the unique F g -point of SpecF g . In view of Proposition 4.18, we see 
that the left hand side of (6.3) can be rewritten as the trace of Frobenius acting 

on the complex (pr,(M <g> D Go iVo)) G G ^(SpecF g ). If we view this complex as an 
object of @ Wed (Spec¥ q ), then Verdier duality implies that 

(pr,(M ® D Go iV )) G = D(i?Hom^ (Go) (M ,7V )), 

where D denotes the Verdier duality functor on SpecF g . Now if M ^ N, then 
we claim that the complex i?Hom^ G(G )(M, N) is acyclic, which means that the 
right hand side of the last formula vanishes. Indeed, there are two possibilities. If 
M and N belong to L-packets defined by two nonisomorphic minimal idempotents 
e, / G S>g(G), then the corresponding Hecke subcategories e^ G (G) and f@a(G) are 
orthogonal (in the sense of Horn), which forces i?Hom^ G ( G )(M, N) = 0. If M and 
N belong to the L-packet defined by the same minimal idempotent e G S>g{G), then 
our claim follows from parts (a) and (e) of Proposition 1.6 and the fact that M and 
N are nonisomorphic simple objects of the category ^# < f e "\ 

The argument above also shows that i?Hom^ G ( G )(M, M) is concentrated in degree 
and its 0-th cohomology is 1-dimensional. On the other hand, Hom^ G ( Go )(M , M ) 
contains the identity morphism, which maps to a nonzero Fr^-invariant element 
of Hom^ (Go) (M ,M ). We conclude that the complex RRom^{ Go) {M , M ) is 
concentrated in degree and its 0-th cohomology is a 1-dimensional space on which 
the Frobenius acts trivially. The same statement must then hold for the complex 
D(i?Hom^ 3 e ^ Go - ) (M , Mq)), and it follows that the associated "trace of Frobenius" 
function is equal to I. Thus we proved (6.3), and with it Theorem 2.17(e). 

6.5. Geometric Mackey theory. We now pause to discuss some auxiliary results, 
which will be used in the proof of Theorem 2.17(c). Let us choose a perfect field k 
of characteristic p > and an algebraic closure k of k. 

Definition 6.8. Let G be a perfect unipotent group over k and G' C G a closed 
subgroup. Fix an object e' G @(G') and let e' denote the object of 3>{G) obtained 
from e! via extension by zero. 

(1) Suppose k = k. We say that e' satisfies the geometric Mackey condition with 
respect to G if for each x G G(k) such that x G'(k), we have e' * 5 X * e' — 0, 
where 5 X G 3>{G) denotes the delta-sheaf at x. 

(2) For general k, we say that e' satisfies the geometric Mackey condition with 
respect to G if the object of S>{G' ®k k) obtained from e' by base change to k 
satisfies the geometric Mackey condition with respect to G ®fc k. 
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Proposition 6.9. Let G be a perfect unipotent group over k, let G' C G be a closed 
subgroup, and fix a geometrically minimal? 2 closed idempotent e' G S> G ' (G') satisfying 
the geometric Mackey condition with respect to G. Then 

(a) the object e = ind^, e' is a geometrically minimal closed idempotent in $>g(G); 

(b) the functor mA G , restricts to an equivalence of categories 

e'@ G ,(G')^e@ G (G); 

(c) VMG e'^G'(G'), the canonical map ind^, M — > Ind^, M is an isomorphism; 

(d) if M G e'&G'iG') is such that the underlying complex of M is perverse, then the 
underlying complex of (ind^/ M)[<i] is also perverse, where d = dim(G /G') . 

Proof. All the assertions above are contained in [BD11, Thm. 1.52]. □ 

Lemma 6.10. Let G be a perfect unipotent group over k and (H,£) an admissible 
pair for G. Define G' C G to be the normalizer of (H,C), and let e' G 2>g\G') be 
the Heisenberg minimal idempotent defined by (H,C) (cf. Definition 2.16). Then e' 
satisfies the geometric Mackey condition with respect to G. 

Proof. See [BolO, §9.5]. □ 

6.6. Proof of Theorem 2.17(c). For the time being we assume the following 
result, proved in §6.10, and explain how to deduce Theorem 2.17(c) from it. 

Proposition 6.11. Theorem 2.17(c) holds when e$ G 3>g {Go) is a Heisenberg 
minimal idempotent (Def. 2.16) defined by an admissible pair (H ,£ ) for Go. 

Now let Go be a perfect unipotent group over W q , and let eo G @g (Go) be a 
geometrically minimal idempotent. Without loss of generality we may replace Go 
with one of its pure inner forms and assume (using Theorem 2.17(b), which was 
proved earlier) that eo is isomorphic to the minimal idempotent defined by some 
admissible pair (H , C Q ) for Go- Write G' Q for the normalizer of (H , Co) in Go and 
e' G ^g' {G' ) for the Heisenberg minimal idempotent defined by (H ,£o)- 

It is clear that e' is pure of weight 0. Since eo = ind^? e , Lemma 6.10, Proposition 
6.9(c) and Proposition 3.13 imply that e is also pure of weight 0. 

Next let G, e, G', e' denote the objects obtained from Go, eo, G' , e' via base change 
to F, and write L(e) and L(e') for the L-packets of character sheaves on G and G' 
defined by e and e', respectively. Parts (b) and (d) of Proposition 6.9 yield 

Lemma 6.12. The functor ind^, [d] : @g'{G') — > @>g{G) induces a bijection 

L(e') ^ L(e), 

which is compatible with the action ofFr*, where d = dim(G/G'). 



: This means that e' remains minimal after base change from k to k. 
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Fix M G L(e) Fr ?. By Lemma 6.12, there is N e L(e') Fr * with M ^ (indg, N) [d]. 
By Proposition 6.11, we can choose N G e' S> G > o (G' ) such that N is obtained from N 
by base change to F; the underlying complex of N is perverse and pure of weight 0; 
and for all n G N and f3 G iJ 1 (F (? n, G' ), the function ^ato^f,^)/ 3 : C(f(^i? n ) — * Qe 
takes values in the subring Z[/x p 2r,p _1 ] C Q ab C Q e . Here, as before, we write 
G'£(W qn ) in place of (G' F g n)^(F 9 n) for brevity. 

By Remark 1.11, there exists A G Z[yU p 2r] with A ■ A = p. Let ££\ be the local 
system on SpecF g corresponding to the vector space of dimension 1 over Q e on 
which the geometric Frobenius F q G Gal(F/F g ) acts via A. Write q = p s and let 
M = (indg* N ) [d] <g> pr*(£? x y s ' d , where pr : G — > SpecF, is the structure 
morphism and ££\ is equipped with the trivial G -equivariant structure. Then M 
is obtained from M via base change to F, and M G e ^Go(G ) by Proposition 
6.9(b). Proposition 6.9(d) shows that Mq is perverse. By Proposition 6.9(c) and 
Proposition 3.13, ind^? N is pure of weight 0. Since pr*(Jz?\)~ s ' d is a pure local 
system of weight — d by construction, M is also pure of weight 0. 

Finally, by Proposition 4.12, 

+ _( i\d \-n-s-d \„A G o( ¥ q n ) + 

T (M ® ¥q ¥ q n)" - {-!-) "A • Gf(F q n) t ( Ar o<8>F 9 F,„)^ 

such that /3m-q 

for all n G N and a G H 1 (F q n, G ), where A G Z[fi p 2r] is as above. We have 
A -1 = \/p G Z[/i p 2r,p _1 ], which by our choice of N implies that t(M ® ¥q w qn )<* takes 
values in Z[/z p 2r,p _1 ], completing the proof. 

6.7. Equivariant local systems on homogeneous spaces. Let us state some 
results that will be used in the proofs of Theorem 2.17(d) and Proposition 6.11. 

Definition 6.13. Let k be a perfect field of characteristic p > 0, and let U be a 
perfect group over k acting on a perfect variety X over k (see Def. 1.1). We write 
Loc[/(X) for the category of ?7-equivariant Q r local systems on X and IrrLoc;y(X) 
for the set of isomorphism classes of irreducible objects in Locu(X). 

Proposition 6.14. Let U be a perfect group over ¥ q acting transitively on a 
nonempty perfect variety X over ¥ q . Write U = Uo (8>f 9 F and X = X ®F g F 7 
and let Fi q : X — > X denote the Frobenius endomorphism. 

(a) Every irreducible C G hocu(X) such that Fr* C = C can be represented as the 
base change of an object C G Loc[/ (X ) such that C is pure of weight and 
the trace- of- Frobenius function 23 £(£ ® Fg F 9 n) Q : ^o*(^V) — takes values in 
Q ab C for allneN and all a G H 1 ^, U ) . 

23 Here, as always, we write Xf(F g ™) in place of (X ®f„ V qn ) a (¥ qn ) to simplify the notation. 
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(a') If for some (equivalently, every) x G X(F), the group ttq(U x ) has exponent p r 
(where U x is the stabilizer of x in U), then in (a) we can further ensure that 
*(£o®f,f,„)«« ■ X$(W qn ) — > Q, takes values 24 m Z[/v,P _1 ] c Q ab C Q e . 

(b) For every C G IrrLoc[/(X) Fr 9 ; fix an Co as in (a). The elements 
{ T Co = (tcs) aemOFqiUo) | C G IrrLoc^X)^} 
form a basis of the space 25 

Fun((U \X )(¥ q )) = Fun(X a (F g ),Q ab )^(^). 

aem(¥ q ,U ) 

This result is proved in §A.15. 

Remark 6.15. All the assertions of Proposition 6.14 depend only on the quotient 
stack Uo\X , which is a gerbe because Uo acts transitively on X . Thus Proposition 
6.14 could be reformulated as a statement about algebraic gerbes over ¥ q . However, 
it is the form given above that will be most useful for us. 

Remark 6.16. Just as in Remark 1.12, the local system C in Proposition 6.14(a) is 
determined uniquely up to tensor product with a Q r local system on X obtained 
by pullback from a rank 1 local system on SpecF g such that the corresponding 

character Gal(F/F 9 ) — > takes values in the subgroup consisting of elements of 
Q(/V") °f absolute value 1 (and the £/ - e qui var i an t structure is trivial). 

Definition 6.17. In the setting of Definition 6.13, consider a central extension 

1 — > A — > U — >U — > 1 

of perfect groups over k, where A is finite and discrete. We have the induced action 
of U on X, so we can form the category 26 Loc^(X). Since A C U acts trivially 
on X, for every M G Loc^(X) we obtain an action of A on M by automorphisms. 

If x '■ A — > is a homomorphism, we write Loc~(X) for the full subcategory 
of LoCjj(X) consisting of objects on which A acts via the scalar \- The set of 
isomorphism classes of simple objects in Loc~(X) will be denoted by IrrLoc-(X). 

Next we would like to have an analogue of Proposition 6.14 for the categories 
Loc~(X). In order to state it we need some auxiliary constructions. 



24 Here, unlike in the statement of Theorems 1.8 and 2.17, we do not need to replace p r with 
p 2r , and this is important for our proofs. 

25 Hcrc, (Uo\X )(¥ q ) is the groupoid of F 9 -points of the quotient stack Uo\X 0l and we refer to 
§2.2 for further explanations of the notation. 

26 Thc natural functor Locu(X) — > Loc^(A") is in general not an equivalence. 
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Definition 6.18. Consider a central extension 





denote the connecting homomorphism in the corresponding long exact sequence of 
Galois cohomology. If x '■ A — > Q e is a homomorphism and X is a perfect variety 
over ¥ q equipped with an action of Uq, we write Fun(X (F g ), Q ab ) f/ «( F <?)>x f or the 

space of functions X (¥ q ) — > Q ab on which U (¥ q ) acts 27 via x o $ '■ U (¥ q ) — > Q^. 

Remarks 6.19. (1) In the situation of Definition 6.18, the long exact sequence of 
Galois cohomology yields an exact sequence 

1 — > A — > U (¥ q ) — > U (¥ q ) — > A — y H\¥ q , U Q ) — >• H\W q , Uq), (6.4) 

where we identified both A(¥ q ) and H 1 (¥ q , A) with A. In particular, we see that 
the image of Uo(¥ q ) under / is a normal subgroup of Uo(¥ q ) and the quotient 
U (¥ q )/ f(U (¥ q )) is identified with a subgroup of A. 

(2) Suppose that, in addition, A is contained in the neutral connected component 
Uq of Uq. Then the map 7r (£/o) — > 7Tq(Uo) induced by / is an isomorphism, 
whence the map H 1 (¥ q , Uq) — > H 1 (¥ q , U ) in (6.4) is a bijection. 

(3) If A C Uq, then the last remark and the exactness of (6.4) imply that the 
induced map U (¥ q )/ f(U (¥ q )) — > A is a group isomorphism. 

(4) Suppose that U\ is another perfect group over ¥ q and P is a (Lq, C/o)-bitorsor. 
Since A is central in Uq, there exists a unique embedding A ^ U\ such that 
the left and right actions of A on P induced by the embeddings A <—} Uq and 
A ^ Ui, coincide. Moreover, the quotient P/A becomes a (Ui/A, C/o)-bitorsor, 
and hence U\jA is identified with a pure inner form of Uq. 

Using this observation, we may and will canonically identify A with a discrete 
central subgroup of any pure inner form of Uq in all that follows. 

Definition 6.20. In the situation of Definition 6.18, assume that A C Uq. Let 

X 

X : A — > Q e be a homomorphism, and let X Q be a perfect variety over ¥ q equipped 
with an action of Uq. We put 



Here we identify H l (¥ q ,Uo) = H 1 (¥ q ,U ) as in Remark 6.19(2). In addition, for 
each a G if 1 (F g , Uq), we identify A with a subgroup of the pure inner form Uq, and 

27 Note that the image of x consists of roots of unity and hence lies in Q ab . 



Fun(X ) l/ °' x 



Fun(X a (F,),Q ab )W)'*. 
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we identify Uq with the corresponding quotient Uff/A, as in Remark 6.19(4). The 
spaces Fun(XQ (Fg), Q ab ) c/ o ( f <j).x were constructed in Definition 6.18. 

Corollary 6.21. Let Uo be a perfect group over¥ q acting transitively on a nonempty 
perfect variety X Q over ¥ q . Write U = U Cg>F 9 F an d X = X cg> Fij F 7 and let 
Fi q : X — > X denote the Frobenius endomorphism. In addition, consider a central 
extension 1 — > A — > U — > U — > 1, where A is a finite discrete subgroup of 
Uq; write U = Uq ®p q F; and let x '■ A — > Q f be a homomorphism. 

(a) Every irreducible C G Loc~(X) such that Fr*£ = C can be represented as the 
base change of an object £ £ Loc~ (X ) such that £ i s pure of weight and 
the trace- of -Frobenius function 28 t(c ® rq w q n) a '■ ^oi^q 71 ) — * Qe takes values in 
Q ab C Qe for allneN and all a e H^Wgn, U ). 

(a') If for some (equivalently, every) x e X(¥), the group 7Tq(U x ) has exponent p r 
(where U x is the stabilizer of x in U), then in (a) we can further ensure that 
^(£ ®F 9 F q n)« : X% (W q n) — > Q e takes values in U\ji v r,p~ x \ C Q ab C Q e . 

(b) For every C G IrrLoc~(X) Fr 9 ; fix an Co as in (a). The elements 

{ T c Q = (tct) aem{¥q , Uo) | £ e IrrLocg(X) F ^} (6.5) 

form a basis of the space Fun(X ) Uc " x . 

This result, which can be reduced to Proposition 6.14, is proved in §A.16. 

6.8. Proof of Theorem 2.17(d). The nontrivial part of the proof is the following 

Proposition 6.22. Let G be any perfect unipotent group over¥ q , let G = G CS>F q F 7 
and let Fr q : G — > G be the Frobenius endomorphism. For every character sheaf 
M on G such that Fr* M = M , choose M G @q (Go) satisfying the requirements of 
Theorem 2.17(c). Then Fun([G ](F,)) is spanned by {T Mo \ M G CS(G)^ } . 

Indeed, the fact that the elements {T Mq | M G CS(G) Ft q} are linearly independent 
follows from the orthonormality relations proved in §6.4. Hence Proposition 6.22 
implies that these elements form a basis of Fun([G ](F g )) . Also, if M G Co^Go{Gq) 
for some geometrically minimal idempotent eo G ^g (Go), then Tm belongs to the 
span of the set of elements in the L-packet of irreducible characters defined by e . 
Hence Theorem 2.17(d) follows from the previous observations and the obvious 

Lemma 6.23. Let V = @ ig/ Vi be a direct sum of vector spaces over a field. For 
each i E I, suppose that we are given a subset Si C V{. If lj ie/ Si is a basis of V , 
then Si is a basis of Vi for every i G /. 

It remains to prove Proposition 6.22. We begin with 



28 



Here, as always, we write X^{¥ q -n) in place of (X ®f„ ^q™) a (^q™) to simplify the notation. 
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Lemma 6.24. As N ranges over all objects of ^g (Go), the elements T^ = 
MaeH^Go) s P an Fun([G ](F g ),Q,). 

Proof. It suffices to check that an element of Fun([Go](F g ), Qi), which is supported 
on a single geometric conjugacy class in Go, can be written as a linear combination 
of elements of the form T No with N G 3$ Gi) (G ). To this end, let X C G be any Fr g - 
stable conjugacy class. Then X comes from a subscheme Xo C Go and Proposition 
6.14 implies that Fun((Go\-X"o)(F 9 ), (Q^) is spanned by elements of the form Tjv as 
Nq ranges over Go-equivariant local systems on X . Extending all such N by zero 
to Go, we obtain the desired claim. □ 

Next choose a complete collection of representatives ej, . . . , e™ of the isomorphism 
classes of geometrically minimal idempotents in ^g (G ). In view of Proposition 
2.12, this collection is finite and the sum Y^Li * s e Q ua l to the delta-function 
at 1 G Gg(Fg) for every a G ^(Fg, G ). Hence for every iVo G £^ Go (G ), we have 

m 

Tn =J2 T 4*"o in Pun([G ](F 9 ),Q,). 
So Proposition 6.22 follows from the previous lemma and 

Lemma 6.25. Let e G ^g (Go) be a geometrically minimal idempotent, and let 
N G e ^G (G ) . Then T No belongs to the span of the elements T Mo , where M 
ranges over the Fr*-invariant character sheaves on G in the h-packet defined by 
e = e £3>f 9 F and M is chosen as in Theorem 2.17(c). 

Proof. Write N™ eil = {N,ip N ) for the object of ^ o eil (G ) coming from N . Then 
N G eS>a{G), so by Proposition 1.6, N is isomorphic to a finite direct sum of 
cohomological shifts of character sheaves in the L-packet defined by e. Without loss 
of generality, we may assume that N is a direct sum of character sheaves without 
shifts. We can then write N = N' © N", where N' C N is the sum of Fr*-invariant 
character sheaves appearing in N and N" is the sum of character sheaves appearing 
in N that are not Fr*- invariant. We obtain the corresponding decomposition iVo = 
Nq ®Nq, and it is clear that Tjv» = 0. Moreover, Schur's lemma implies that N'^^ 1 
is a direct sum of objects of the form M^ ei1 <8> pi* (com), where M ranges over the 
Fr*-invariant character sheaves in the L-packet defined by e, the M are chosen as in 
Theorem 2.17(c), each £ M is an object of ^^f ejZ (SpecF 9 ) corresponding to a finite 

dimensional vector space Vm together with an automorphism <pM '■ Vm — ■> Vm 
(where the Go-equivariant structure is trivial), and pr : Go — > SpecF g denotes the 
structure morphism. 

Hence 

Tn = Tn^ = ^^tr(0M5 Vm) • Tm , 
m 
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which proves the lemma, and with it finishes the proof of Theorem 2.17(d). □ 

6.9. Proof of Theorem 1.13. Let e G 3>g{G) be a minimal idempotent such that 
Fr*e = e. Assertions (a) and (b) of Theorem 1.13 follow from parts (a) and (c) 
of Theorem 2.17. In particular, we let e G &g {Gq) denote the (unique) closed 
idempotent whose base change to F is isomorphic to e. 

Next we will prove parts (c) and (d) of Theorem 1.13. We use a more general 

Lemma 6.26. Suppose Go is any connected perfect unipotent group over ¥ q and 
eo G @g (Go) is a geometrically minimal idempotent. Then t eo (l) = q~ ne , where 
e G 3>g{G) is the minimal idempotent obtained from e via base change to F and n e 
is as defined in Proposition 1.6(b). 

Proof. We use a calculation, which is similar to the chain of isomorphisms (6.1), but 
easier. By Theorem 2.17(b), there exists an admissible pair for Go (defined over ¥ q ) 
that gives rise 29 to e . By 30 [BD11, Prop. 1.46], we have ^> Go (e ) = e [-2n e ](-n e ) . 
Hence we obtain the following chain of isomorphisms 31 in f^(SpecF g ): 

©s P ccF,(l*e ) = D S pcc(F 9 )(lVe ) = l ! (D G( /e ) = l ! (O G() e ) 

l ! (e [-2n e ](-n e )) = (l ! e )[-2n e ](-n e ). 

Now if we view l ! e as an object of £} Wed (SpecF q ) (see §5.1), we have 

l ! e = iJHomg ecF3) (l, l ! e ) - RKom™0 o) (l,e o ). 

Since G is connected, the forgetful functor @q(G) — > 3>[G) is fully faithful. By 
Proposition 6.3, the complex i?Hom^g o j(l,e ) has 1-dimensional cohomology in 

degree and is acyclic in all nonzero degrees. Hence l ! e = (with the trivial 
Frobenius action) in ^ WeiZ (SpecF g ), because by assumption we have an idempotent 
arrow 1 — > e , which maps to a nonzero Fr g - invariant element of Hom(l,e). 

We conclude that © S pccF 9 (l*e ) = Q*[-2ra e ](-n c ) in @ Weil (SpecW q ), whence 
l*e = Q^[2n e ](n e ) in @ Weil (SpecW q ). A fortiori, this implies that t eo (l) = q~ ne . □ 

We return to the setting of Theorem 1.13; in particular, we assume that G is 
easy. If e G is a minimal idempotent such that Fr*(e) = e, Proposition 1.6(c) 

implies that e[— n e ] is a Fr*-invariant character sheaf in the L-packet defined by 
e. On the other hand, it follows from [BolO, §9.4] that the L-packet of irreducible 
characters of G (¥ q ) defined by e contains only one element. By Theorem 2.17(d), 
t eo must be proportional to an irreducible character x °f G (¥ q ) over Q e . Since 

29 Note that since Go is connected, it has no pure inner forms other than itself. 

30 Even though the base field in [BD11] is assumed to be algebraically closed, this fact is irrelevant 
in the proof of the cited proposition. 

31 As usual, we denote by 1 : SpecF g — > G the identity element of Go, and by i : Go — > Go 
the inversion map g i-> g^ 1 . 
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jj • x is an idempotent under convolution of functions on Go(F q ), this forces 

x(l) 2 = t eo (l) ' l^o0Fg)|- By Lemma 6.26, the last identity can be rewritten as 
x (l) 2 = g -« e +dimG ; which imp i ies t h a t ^ = q d % and therefore x = g dimG " de • t eo . 

The fact that d e is an integer follows from the identity %(1) = q de combined with 
[BolO, Theorem 2.5]. Thus we proved Theorem 1.13(c). 

Remark 6.27. The argument of the previous paragraph implies that e[— n e ] is the 
unique character sheaf in the L-packet defined by e. 

Finally, let e range over all minimal idempotents in @q(G) satisfying Fr*(e) = e. 
By the last remark, e[— n e ] then ranges over all Fr*-invariant character sheaves on 
G. Theorem 2.17(d) implies that the corresponding functions t eo form a basis for 
the space Fun(G (F ? ), Q ab ) G °( F «). We already saw that the functions q d ™ G - d - . t eo 
are irreducible characters of G (F q ), and now we conclude that there cannot be any 
other irreducible characters, proving Theorem 1.13(d). 

6.10. Proof of Proposition 6.11. The argument consists of several steps. We 
begin by explaining the general idea of the proof, and then supply all the details. 

6.10.1. Overview. By assumption, H is normal in G , so we can consider the action 
of G on H by conjugation and form the semidirect product Uq = G x Hq. We let 
Uq act on Go in such a way that Hq C Uq acts by left translations and Go C Uq acts 
by conjugation. As usual we write H, G and U = G x H for the perfect unipotent 
groups over F obtained from H , Go and Uq via base change. Further, we write 
e G ^g(G) for the Heisenberg minimal idempotent obtained from e . 

Remarks 6.28. (1) It is proved in [DelO, §4.1] that there exist finitely many [/-orbits 
in G such that the support of every object of e^c(G) is contained in their union. 
We caution the reader that the notation used in [DelO] slightly differs from the 
one we are using. Namely, the meaning of G, C, U is the same, while our G° and 
H are denoted in op. cit. by H and N, respectively. 

(2) All [/-orbits in G are closed because U is unipotent and G is affine. 

Using the local system £ 011 -^o> we w iU find a central extension Uq of Uq by a 
finite discrete p-group A and a homomorphism x '■ A — * Qe such that the Hecke 
subcategory e @ Go (Go) C ^ Go (G ) equals 32 @~ (G ) (cf. Definition 6.17). Even 
though the action of Uq on G is not transitive, Remarks 6.28 will allow us to apply 
Corollary 6.21 in this situation. Proposition 6.11 will then be deduced from it. 

Some preliminary results appear in §§6.10.2-6.10.3. We construct Uq in §6.10.4 
and give alternative descriptions of e ^ Go (G ) and e^ G (G) in §6.10.5. The proof of 
Proposition 6.11 itself is given in §6.10.7. 



32 



This step in the proof is essentially the same as the argument in [DelO, §3.5]. 
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6.10.2. Construction of Ho. 

Lemma 6.29. There exists a central extension 

1 — > A — > H — > H — ► 1 (6.6) 

of perfect unipotent groups over ¥ q , where H is connected and A is finite and dis- 
crete, together with an injective homomorphism x '■ A ^ , such that if we view 
H as an A-torsor over Hq, then the Q e -local system on H obtained from this torsor 
via x is isomorphic to Co- 

Proof. See [BolO, Lemma 7.3]. □ 

For the remainder of this section we fix a central extension (6.6) and an injective 
homomorphism x '■ A ^ satisfying the conclusions of the lemma. 

Remark 6.30. If 5 : H (¥ q ) — > A is the connecting homomorphism in the long exact 
Galois cohomology sequence corresponding to (6.6), then t Co = x ° 

6.10.3. Alternative description of e ^(G ) C &(G Q ). The action of H on G by 
left translation induces an action of H Q on Go- Since A G H acts trivially on Go, 
the full subcategory (Go) C 3tg o (Go) can be constructed as in Definition 6.17. 
Namely, it consists of objects of £)g o (Go) on which A acts via x- 

The next result is standard (cf. [DelO, Proposition 3.11(a)]). 

Lemma 6.31. The forgetful functor $}g o (G ) — > @(G ) is fully faithful, and it 
induces an equivalence of categories (G ) ^> e ^(G ). 

6.10.4. Construction ofU . Let c : G x H — > H be the conjugation action map: 
c(g, h) = ghg^ 1 . The central extension (6.6) is invariant under G -conjugation 
(because the local system C on H is Go-invariant by assumption). In other words, 
let us form the fiber product of the quotient map Hq — > Hq with the morphism 
c : Go x Hq — > Ho and view it as a family of central extensions of Ho parameterized 
by Go- Then this family is constant. This means that there is a unique morphism 
c : G x Hq — > H such that c(g, a) = a for all g G G and all a E A, and the 
following diagram commutes: 

Go x H *" H 



G xHo 



Ho 



The connectedness of H further implies that c defines an action of G on H by group 
automorphisms. Using this action, we form the semidirect product Uq = Go x H . 
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Thus we obtain a central extension of perfect unipotent groups over ¥ q : 

1 — > A — > U — > U — > 1, (6.7) 
where Uq = Go x H , as defined in §6.10.1. 

6.10.5. Alternative descriptions of cqS)go{Gq) and e@c(G). The action of Uq on Go 
described in §6.10.1 induces an action of Uq on Go- Similarly, we have actions of 
U = U ® ¥q F and U = U ® ¥q ¥ on G = G ®f 9 F. 

Lemma 6.32. Fix x e G(F) and let U x be the stabilizer of x in U . Then the 
exponent of n (U x ) is at most equal to p 2r , where p r is the exponent of G. 

Proof. Let p s denote the exponent of Hq. Then the map h h- > h pS takes Hq into A, 
so since H is connected, that map is constant. Thus p s is also the exponent of H . 
So the exponent of U is at most p r ■ p s < p 2r , which implies the lemma. □ 

Remark 6.33. It is not known to us whether the bound in Lemma 6.32 is optimal. 
If one could improve this bound, one could also replace the ring Z[/i p 2r,p _1 ] with a 
smaller one in the statements of Theorems 1.8 and 2.17. 

Lemma 6.34. (a) The natural functor 

9$.{G ) — ► Go ((?o) M) 
is fully faithful, and its essential image is equal to eo^G a {Go) ■ 
(b) The natural functor £}~(G) — > $Iq{G) is fully faithful, and its essential image 
is equal to e^o(G). 

Proof (cf. Proposition 3.11(b) in [DelO]). We only consider assertion (a) (the proof 
of (b) is completely analogous). The fact that (6.8) is fully faithful follows from the 
fact that Hq is connected (and unipotent). To show that the essential image of (6.8) 
equals e ^G (Go), use Lemma 6.31 and the observation that an object of ^g (Go) 
belongs to eo^G (Co) if and only if the corresponding object of S>{Gq) (obtained by 
forgetting the G -equivariant structure) belongs to eo^(G ). □ 

6.10.6. Identifications of Galois cohomology and pure inner forms. The inclusion 
maps G ^ U and G ^ U yield bijections if 1 (F 9 , G ) — =->■ -H" 1 (F ? , U ) and 
if 1 (Fq,G'o) H 1 (¥ q ,Uo). For the remainder of the argument, we tacitly identify 
H\¥ q , U ) and H l {¥ q , U ) with H\¥ q , G ) using these bijections. 

Remark 6.35. If j3 G if 1 (F g ,G ? o), we now have three different interpretations of Gq. 
Namely, we can consider Go as an object of Go— var, or as an object of Uq — var, or 
as an object of Uq — var, and in each case we can consider the corresponding pure 
inner form of G defined by ft. However, all three of these are canonically identified 
with each other, so this ambiguity is irrelevant for the arguments that follow. 
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6.10.7. Proof of Proposition 6.11. By Remarks 6.28, there is a closed Fg-subvariety 
X C G such that X = X <g) F? F is a union of finitely many [/-orbits in G, and for 
every N G e@ G (G), the support of N is contained in X. 

By Lemma 6.34, we obtain equivalences of categories 

@$ o (Xo) ^ e ® Go (G ) and @$(X) ^ e@ G (G). 

If M. G Loc~(X), the support of Ai is a smooth closed subvariety of G. Let s_A/f 
denote its dimension. It follows that the map M. \-¥ M[s M ] induces a bijection 
between IrrLoc-(X) and the L-packet L(e) of character sheaves on G defined by 
the minimal idempotent e. This bijection is compatible with the action of Fr*. 

Now choose M G L(e) Fr «. Then M ^ M[s M ], where M G IrrLocJ(X) Fr * is 
supported on a single Fr g -stable [/-orbit in X. Hence by Lemma 6.32 and Corollary 
6.21 (a'), Ai is isomorphic to the base change of some object Aio G Loc~ (Xq) such 

that Aio is pure of weight and the function t(M ® r V 1 )" : -^o (J^q n ) — ^ takes 
values in Z[/z p 2r,p _1 ] for each n G N and each a G if 1 (F^,G , ), where p r is the 
exponent of Go- 

By Remark 1.11, there exists A G Z[// p 2r,p _1 ] with A • A = q~ SM . 

Finally, let ££\ be the Q r local system on SpecF g corresponding to the vector 
space of dimension 1 on which the geometric Frobenius acts via A, equip ££\ with 
the trivial G -equivariant structure, write pr : G — > SpecF 9 for the structure 
morphism, and put M = A4 [s.m] ® pr*«£?A G e ^ Go (G ). It is clear from the 
construction that M satisfies all the requirements of Theorem 2.17(c). 

Finally, the fact that e itself is pure of weight follows from its definition as 
extension-by-zero of Cq[2 dim H](dim H) . 

Appendix 

The goal of this appendix is to supply the proofs of the more technical results and 
the auxiliary claims appearing in the article. 

A.l. Proof of the assertion of Remark 1.14. Let L(e ) denote the L-packet 
of irreducible characters of G (F q ) defined by e . For each x G L(e ), the function 
| G *|p j| • x 011 G (¥ q ) is an idempotent under convolution, and 

^ \G (¥ Q )\ X e{y 

Evaluating both sides at 1 G G {¥ q ) yields X] x eL(e ) x(l) 2 — q dnnG ~ ne in view of 
Lemma 6.26 and the fact that |G (F 9 )| = g dimG because G is connected. Recalling 
that dimG — n e = 2d e by definition, we obtain (1.1). 
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A. 2. Positive functions on finite groups. Let us introduce a simple auxiliary 
notion, which will be helpful in §A.3 below. 

Lemma A.l. Let Y be a finite group and f G Fun(r,(Q^) r (here, as usual, T acts 
on itself by conjugation). The following are equivalent: 

(i) f acts as a nonnegative rational scalar in each irreducible representation ofT; 

(ii) f is a linear combination of the irreducible characters of V with nonnegative 
rational coefficients; 

(Hi) f is a linear combination of the minimal idempotents (under convolution) in 
Fun(r, Q e ) r with nonnegative rational coefficients. 

The lemma follows at once from the standard facts that Fun(T, Q e ) r is isomorphic 
to a product of copies of Q e as an algebra, and that the map \ l— > 'X is a bijection 
between irreducible characters of T and minimal idempotents in Fun(T, Q^) r . 

We call a function / : T — > Q e positive if it is conjugation- invariant and satisfies 
the equivalent conditions of the lemma. 

Proposition A. 2. Let T be a finite group. 

(a) If fi, f'2 : T — > Qe are positive functions, so is fi + f 2 . 

(b) /y/1,/2 : r — > Qe are positive functions and f\ acts nontrivially on a given 
irreducible representation pofT over Q e , then so does f\ + f 2 . 

(c) If f : T — > Q e is a positive function, then f = if and only if f(l) = 0. 

(d) IfT'cTisa subgroup and f : V — > Q e is a positive function, then indp,(/) : 
T — > Q e is also positive. 

Properties (a) and (b) follow from the characterization (i) of positive functions, 
while properties (c) and (d) follows from the characterization (ii). 

A. 3. Proof of Proposition 2.12. Fix a perfect unipotent group Go over F g . The 
fact that the L-packets of irreducible characters of Gq are nonempty follows from 
Proposition 6.2, while the fact that they are pairwise disjoint follows from 

Lemma A. 3. Let G be a perfect unipotent group over ¥ q , and let e , fo £ @g (Go) 
be nonisomorphic geometrically minimal idempotents. Then 33 e * f = 0. 

Proof. Let G = G ®FqlF, and let e, / e 2$g(G) be the minimal idempotents obtained 
from eo, fo- If eo * fo ^ 0, then e* f 7^ 0, whence e = / by minimality. Then eo = fo 
by Lemma 6.1. □ 



33 The 

reason this fact requires proof is that we defined a geometrically minimal idempotent in 
^Go(Go) to be a weak idempotent, which becomes a minimal idempotent after base change to F. 
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To show that the union of the L-packets of irreducible characters of Go equals 
the disjoint union of the sets of irreducible characters of the groups Gq(F 9 ), it 
suffices to show that if p is an irreducible representation of G (¥ q ) over Q e , then 
p belongs to some L-packet (Definition 2.10(a)). By [BolO, Thm. 7.1], there exists 
an admissible pair (Hq,Cq) for Go such that the restriction of p to Ho(F q ) has as 
a direct summand the 1-dimensional representation given by t Co : H (¥ q ) — > . 
Write G'q for the normalizer of (H , C ) in G and let e' G @ g >{Gq) be the Heisenberg 
minimal idempotent defined by (Hq, £ ). Put eo = ind^? e' , a geometrically minimal 
idempotent in ^ Go (G ). We claim that p belongs to the L-packet defined by e . 

To this end, observe that by Proposition 4.12, we have 

PeKcr(m (¥ q ,G' )—+m (W q ,G )) 

Eacht * G Fun(G' /3 (Fq),Q^) G " ^ is an idempotent, whence it is a positive function 
on G (F 9 ) (see §A.2). Since t e ' equals the function q- dunH o . ^ extended by zero 
to G (Fq), it follows that ind^?^ (t e > Q ) acts nontrivially on p. By parts (a), (b), (d) 
of Proposition A. 2, t eo also acts nontrivially on p, as desired. 

Finally, let us prove the last assertion of Proposition 2.12. If Go is connected, it has 
no pure inner forms apart from itself. So every geometrically minimal idempotent 
in ^g {Go) comes from an admissible pair for Go by Theorem 2.17(b). Now the 
fact that Definition 2.10(b) is equivalent to the definition of L-packets of irreducible 
characters of Go(F g ) given in [BolO, Def. 2.7] follows from [BolO, Prop. 9.1(b)] and 
[BolO, Thm. 2.14]. 

A. 4. An example for Remark 2.19(b). In this subsection we will construct a 
unipotent group G over ¥ q and a geometrically minimal idempotent e G @g (Go) 
such that t eo = 0. Let Uq C GL 3 be the group of matrices of the form 

(lab 
1c 
\ 1 

where a G F p and b, c are arbitrary. Write H C Uq for the subgroup defined by 
a = 0. Then H is the neutral connected component of Uq and Uq can be identified 
with a semidirect product of the finite discrete group Z/pZ and Hq. 

Moreover, Hq = G„, so the Serre dual of Hq can also be identified with G„. 
The induced action of Z/pZ = U /H on H^Fg) is nontrivial, so we can choose a 
multiplicative local system £ on H , defined over F q , which is not f/ -invariant. 

It is clear that (H ,£ ) is an admissible pair for U , and by construction, its 
normalizer in Uq is equal to Hq. Put f = ind^° (£ [4](2)), which is the geometrically 



) 
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minimal idempotent in @u {Uq) defined by (H ,£ ). Choose any nontrivial a G 
H l (¥ q , U Q ) and let G = U£ and e = / Q . Then t eo = by Proposition 4.12. 

A. 5. Proof of the assertion of Remark 2.19(c). By Remark 1.11, there exists 
A G Z[fi p 2r] with A • A = q. Let Jzf A be the local system on SpecF g corresponding to 
the vector space of dimension 1 over Q £ on which the geometric Frobenius acts via 
A and put M = eo[— n e ] <8> pr*(«5f\) ne , where pr : Go — > SpecF g is the structure 
morphism. Then e comes from M by base change to F, and it is clear that we can 
write M = e [— n e ](— n e /2) ® pr*Jzf for a suitable pure rank 1 local system Jzf of 
weight on SpecF r In particular, M is perverse and pure of weight 0. Moreover, 
for each nGN and each a G i/ 1 (F g n, Go ®f 9 F g n ) , the function i( eo ®F< i i i >) a on Gq (F q n) 
is a central idempotent under convolution, so it takes values in 7L\p v r ,p~ x \. Hence 
t(M ® Wq ¥ qn )" = (-A) ne • i( eo ® Fg F 9 n)« takes values in Z[p p 2r 

A. 6. Proof of Proposition 2.20. Let us prove that (i) implies (iii). Suppose that 
(i?o, £o) is an admissible pair for Go that gives rise to eo- It is clear that one can find 
some irreducible representation p of Go(F q ) over Q e whose restriction to H (¥ q ) has 

as a direct summand the 1-dimensional representation given by tc '■ H (¥ q ) — > . 
By the argument in §A.3, t eo acts on p via the identity, and a fortiori, t eo ^ 0. 

Next, (iii) implies (ii) trivially, so it remains to check that (ii) implies (i). 

If t eo ^0, there is an irreducible representation p of Go(¥ q ) over Q e on which t eo 
acts nontrivially. By the argument in §A.3, there exists a minimal weak idempotent 
fo G ^0Gq{Gq) coming from some admissible pair for Go such that tf acts on p via 
the identity. So t eo *tj ^0 (here, * denotes the usual convolution of functions on 
the finite group G (F g )), and a fortiori, e * /o / 0. Hence e — fo by Lemma A. 3, 
completing the proof of Proposition 2.20. 

A. 7. Proof of Lemma 3.9. We begin with an auxiliary 

Lemma A. 4. Let f : X — > Y be a morphism of perfect varieties over ¥ q , and 
suppose that the induced map 3A X (¥) — > ^o(^) is surjective. If M G S$(Y ) is such 
that f*M G @< W (X ) for some w G Z, then M G @< W (Y ). 

Proof. The functor /* : @(Y ) — > 3$(X ) is exact with respect to the usual (non- 
perverse) t-structure. Hence it suffices to show that if M is a Q r sheaf on Y such 
that f*M is punctually pure of weight w, then so is M. Let n > 1 and y G Y (¥ q n). 
By assumption, there exist m > 1 and x G X (F g m) such that n divides m and 
f(x) = y. The geometric Frobenius F q m acting on x*(f*M) can be identified with 
the (m/n)-th power of the geometric Frobenius F q n acting on y*M. Hence the 
lemma follows from the fact that if a G is such that a m / n is a Weil number of 
absolute value (q m ) w ^ 2 , then a is a Weil number of absolute value (q n ) w ^ 2 . □ 



34 Recall that F denotes a fixed algebraic closure of a field with p = charF g elements, and ¥ q is 
viewed as a subfield of F. 
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Corollary A. 5. Let Go be a perfect (unipotent 35 ) group over ¥ q acting on a perfect 
variety Y Q over ¥ q , and let a : G x Y — > Y denote the action map. Suppose X 
is another perfect variety over ¥ q and f : X — > Y is a morphism such that the 
induced map 

G x X idx/ ) G x Y ^-^ Y 

is surjective at the level of F-points. If M G ^g (Xo) ^ s suc -h that f*M G @< W (X ) 
for some w G Z ; then M G @< W (Y ). 

Proof. Let tt : GqxXq — > Xq denote the second projection. Since f*M G 3t< w (Xo), 
we have n*f*M G 3>< w {Gq x X ). The Go-equivariant structure on M yields an 
isomorphism (idx/)*o;*M — n*f*M. In view of our assumption, Lemma A. 4 
implies that M G 9>< W {Y ). □ 

Proof of Lemma 3.9. Apply Corollary A.5 to Y = (G /G' Q ) x X and f = i. □ 

A. 8. Equivalence of two definitions of ind^/. In this subsection we justify the 
assertion of Remark 3.11. Consider the diagram 

G' (A.9) 



j 



pr 2 



G (G/G') x G 

where the notation is explained as follows. The variety G and the morphisms i 
and n are defined as in Remark 3.11. The map j is the natural inclusion of G' 
into G. The map / is given by g (->■ (1, g) and the map J is induced by the map 
G x G' — > (G/G') x G given by (g,g') h-» (g^g'g^ 1 ), where g denotes the image of 
g in G/G'. Finally, pr 2 is the second projection. 

The functors 

%* : ® G (G) @g>{G') and I* :® G ((G/G')xG) -^®g,(G) 

are equivalences. Unraveling Definition 3.10, we see that the functor ind^/ is defined 
as the composition pr 2 ,o(/*)~ 1 oj ! . On the other hand, in [BolO] the functor ind^/ was 
defined as the composition tt\ o (i*)" 1 . We need to check that these two compositions 
are isomorphic. To this end, observe that diagram (A.9) is commutative, and, in 
addition, the square on the left is cartesian. This implies that pr 2! o Ji = tt\ and, by 
the proper base change theorem, J* o J, = j, o %* . Therefore 

pr 2! o il*y X o j\ ^ pr 2! o J, o (i*)' 1 ^ tt, o (i*)" 1 , 

as required. 



35 Thc unipotence assumption is irrelevant here; we only impose it because we did not discuss 
the correct definition of the equivariant derived category @c (Yo) m the non-unipotent case. 
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A.9. Proof of Proposition 4.9. We first verify the uniqueness assertion. Suppose 
ip : Gi — H> Q\ is an isomorphism of perfect groups over ¥ q satisfying the requirement 
of the proposition. Let X e G — var be G equipped with the action of G given 
by left multiplication. The corresponding Xi G G\ — var can be identified with P 
viewed as a left Gi-torsor. Let 

a : Gi x P — > P and a : Q 1 x P — > P 

denote the action maps, and let 

p 2 : G 1 x P — > P and tt 2 : Q x x P — > P 

denote the second projections. By assumption, a o (ip x idp) = a, and we also have 
7r 2 o (ip x idp) = p 2 . Hence the following diagram commutes: 

G 1 x p — — g 1 xp 

Px P 

However, in this diagram all arrows are isomorphisms because P is a left Gi-torsor. 
This implies that (p x idp = (a,^) -1 o (a,^), and this identity determines the 
morphism p uniquely. 

For the existence, one could construct p by reversing the proof of uniqueness 
given above, but it is more convenient to proceed directly as follows. Consider the 
diagram 

dxP — =->■ Px P <-=— P x G 

where the isomorphism on the left is given by (gi,p) i— >■ (g 1 ■ p,p) and the isomor- 
phism on the right is given by (p,go) (p ■ go,p)- Both of these isomorphisms are 
equivariant with respect to the left action of G 1 and the right action of G , where: 

• Go acts on P on the right in the given way 36 ; 

• Gi acts on P on the left in the given way; 

• Go acts on itself via 70 : go | — > l^gi and acts trivially on G\\ 

• Gi acts on itself via 71 : g± (->■ 7i(?i7 1 ' 1 and acts trivially on Go- 
Taking the quotient by the right action of G , we obtain an isomorphism 

(Gi x P)/Go ^{Px Go)/G 

in the category G\— var. But (G\ x P)/G is canonically identified with Gi, and by 
construction, Q x — (P x G )/G . Thus we obtain an isomorphism G 1 Q\. It is 
straightforward to check that this is an isomorphism of perfect groups over ¥ q and 
that the requirement of Proposition 4.9 is satisfied. 



36 Recall that, by assumption, P is a (Gi, Go)-bitorsor. 
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A. 10. Proof of Proposition 4.12. We will consider two cases separately. Suppose 
first that there exists ft G H 1 (¥ q ,G' ) that maps to a E H 1 (¥ q ,G ). In this case, 
without loss of generality, we may replace G' C G with Gq C Gq and M with M@, 
and hence we may assume that a is trivial. (Here we implicitly used Lemma 4.15.) 
Then Proposition 4.12 follows from Remark 3.11 and [BolO, Prop. 6.13]. 

Next suppose that a is not in the image of the natural map H 1 (¥ q ,G' Q ) — > 
H 1 (¥ q , Go). In this case we must prove that t^a = on Gq (F 9 ). 

It will be more convenient to work with the definition of the functor indS? used 

in [BolO], which was recalled in Remark 3.11. Thus let Go denote the quotient 
(G x G )/G' , where the right action of G is given by (g, g') ■ 7' = (57', 7 /_ V7')- 
If % : G Go is induced by g' >-)■ (1,</) and 7r : G — ► G is induced by 
(flS g') l— ^ gg'g 1 , then, by Remark 3.11, we have N ^ tt, ((i^-^M)) . Hence, by 
Lemma 4.8, we have N a ^ (((i*)- 1 (M)) a ) . If we can show that G%(W q ) = 0, 
then the proof will be complete, in view of the Grothendieck-Lefschetz trace formula. 

Lemma A. 6. With the notation above, if a is not in the image of the natural map 
H\W q ,G' ) — >■ H\¥ q ,G ), then G%(W q ) = 0. 

Proof. Let P be a right Go-torsor whose isomorphism class equals a. Unraveling 
the definition of Gq, we see that it can be identified with the quotient 

(P x Go x G )/(G x G ), 

where the right action of G x G' Q on P x G x G' is given by 

(P, g, g') ■ (7, 7') = (p • 7, 7~ 1 fi'7 / ) t^W)- 

Suppose, for the sake of contradiction, that Gq(F 9 ) 7^ 0. This means that there 
exist p e P(F), #,7 e G (F) and #',7' e G (F) such that 

(Pr,(p),Pr,(^),Pr,(^)) = (p • 7, 7"W, T^YY)- 

The identity above implies that 7 = #7' Fr ? ((?) _1 , so that 

Fr q (p) =p- 1 = p- gi 'Fr q (g)-\ 

and therefore Fr q (p ■ g) = (p- g) ■ 7'. However, the last equality means that P comes 
from a right G -torsor, which contradicts the assumption that a is not in the image 
of the natural map H\¥ q , G' ) — > H 1 (¥ q , G ). □ 

A.ll. Proof of Lemma 4.15. Recall that Indg J is right adjoint to the restriction 
functor ReSg? : ^ G() (G ) — > @ G > o (G' ). This implies that the functors 

%(Go) — > ^(Gg 1 ), M^(Ind§M) Q and M 1 — > Ind^M' 3 ), 

are isomorphic, because they have isomorphic left adjoints. Now Lemma 4.15 follows 
from Proposition 4.16 and the last assertion of Proposition 3.12. 
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A.12. Proof of Proposition 4.16. Fix X G G -var and a G /P^F^Go). Let 
(Gi, P) be a pure inner form of G such that P, as a right G -torsor, represents the 
cohomology class a. Put Xi — (P x X)/Gq, where the right action of Go is given 
by (p, x) ■ 7 = (p • 7, 7 _1 • x). The left action of G\ on P induces a left action of G\ 
on X 1 , and we can identify (Go,X a ) with (G^X^. If ro : P x I — > X 1 is the 
quotient map and 7r 2 : P x X — > X is the second projection, then the functors 

w* : ^ Gl (Xx) ^ GlxGo (^ x X) and vr* : ^ Go (X) ^ ^ GlxGo (P x X) 

are equivalences, and the transport functor S) Go (X) @ Gl (Xi) is defined as 
(c7*) _1 7T2- Both w and 7r 2 are smooth morphisms of relative dimension d = dimP, 
which implies that 3 PxX o w* = w* o D Xl [2d](d) and D PxX o tt^ tt^ o D x [2d](d). 
This yields assertion (a) of the proposition. 

Assertion (b) follows from part (a), Lemma 4.8, and the fact that the inner form 
L a : Gq — > Gq of the inversion map i : Go — > Go (given by g (->■ g" 1 ) is naturally 
identified with the inversion map for the group Gq. 

A. 13. Proof of Proposition 4.17. Fix a pure inner form (Gi,P) of Go and put 
Xi — (P x X)/Go, where the right Go-action on P x X is given by (p, x) • g — {p • 
g, g~ l -x). Write zu : PxX — > X 1 for the quotient morphism and 7r 2 : P x X — > X 
for the second projection. 

If Me @ Go (X), then, by definition, the object M 1 G ^ Gl (Xi) obtained from M 
via transport of equivariant complexes (Definition 4.5) is determined uniquely (up 
to isomorphism) by the requirement that ~k\M = w*M\ in £^ GlxGo (-P x X) (here, 
as usual, G\ acts on P x X via its given action on P and the trivial action on X). 

Now if M G @< W (X), then 7r|M G ^< w (P x X). Since t*7 is surjective at the level 
of F-points, Lemma A. 4 implies that M 1 G @< w (Xi). 

The fact that if M e ^>„,(X), then Mi G <2>> W {X^) follows from what we just 
proved, using the definition of S>> w (cf. Definition 3.5(e)) and Proposition 4.16(a). 

A. 14. Proof of Proposition 4.18. Choose representatives 7i-F g ,72-P 9 , . . . ,7 r -P g 
of the conjugacy classes 37 in T = Gal(F/F 9 ) x T that project onto F q in Gal(F/F g ), 
and write a 1: . . . , a r G i? 1 (F 9 , G ) for the corresponding cohomology classes. Then 

t M -i(*) = ' tr (7, • F q - Hi(V)), 



We remark that if 7, 7' £ T, then 7 • F q G T and 7' • F q G T are T-conjugate if and only if they 
are T-conjugate. So there is no reason to distinguish between the two kinds of conjugacy. 
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and hence we are reduced to proving that if W is a finite dimensional continuous 
representation of T over Q e , then 

r dim Go 

£ ' tr(7 * ' Fq] w) = tT{Fg; wV) - (A - 10) 



=1 



Now recall that if if is a perfect connected unipotent group over ¥ q , then \H(¥ q ) \ = 
q dimH . By Lang's theorem [La56], if H is an arbitrary (not necessarily connected) 
perfect group over ¥ q , the sequence 

1 _^ H °(w q ) _^ H (w q ) _ ). (H/H°)(¥ q ) — > 1 

is exact, which implies that if if is unipotent, then |if(F,)| = <j dimif • |(if/i?" )(F ? )|. 
We already saw that ^(Gq*) can ^ e identified with the group T equipped with the 
new geometric Frobenius action given by x \— > r y i F q (x)'-y~ 1 . In particular, the group 
^((jq*) can be identified with the centralizer Zr(7i ■ F q ) of 7j • F g in T. Hence the 
desired identity (A.10) can be rewritten as 

e iz r ( 7 !-ir)i • tr (^ • f - ^) = tr ( F - wr y ( a - u ) 

Recalling that the elements % ■ F q were chosen as representatives of T-conjugacy 
classes of all elements of the form 7 • F q in T, where 7 G T, we see that the left hand 
side of (A.ll) equals |r| _1 • tr(J^ 7er 7 • F q ; W^. Now (A.ll) follows from the fact 
that the element |r| _1 • X] 7 er7 i n the g rou P algebra of T acts as a projector onto 
the subspace W r of T- invariants (for any representation W of T). 

A. 15. Proof of Proposition 6.14. Let us first reduce the proposition to the case 
where X = SpecF g . Since X is nonempty and Uq acts transitively on X , there 
exists a G H 1 (¥ q ,Uo) such that Xq(¥ q ) 7^ 0. Without loss of generality we may 
replace Uq and X by the pure inner forms Uq and Xq , and thus assume that 
X (F g ) 7^ 0. Fix a point x G X (F g ) and let Uq C C/ denote the stabilizer of x. 

If we view 1 as a morphism SpecF g — > X , then, since Uq acts transitively on 
X , we obtain an equivalence of stacks (Uq )\ SpecF,j C/ \^o- Since all the 
assertions of Proposition 6.14 only depend of the quotient stack Uq\X , we see that 
if the proposition is true when X = SpecF g , then it is true in general 38 . 

It remains to prove Proposition 6.14 in the case where X = SpecF^. Here the 
result can be reformulated more concretely as a statement about representations of 
finite groups. Namely, let T = ttq(Uo)(¥), a finite group equipped with a (continuous) 
action of Gal(F/F g ), and form the semidirect product T = Gal(F/F 9 ) x T. 



38 It is straightforward to rephrase this argument without using the language of stacks. However, 
it becomes more cumbersome, so we skip it. 
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The category Loc[/(SpecF) is naturally identified with the category Rep(T,(Q^) 
of finite dimensional representations of T over Q e , so that the action of Fr* on 
Loc[/(SpecF) becomes identified with the automorphism of Rep(r,Q £ ) induced by 
the action of the geometric Frobenius F q G Gal(F/F ? ) on T. On the other hand, 
the category Loqy (SpecF 9 ) is naturally identified with the category Rep(r, Q e ) of 
continuous finite dimensional representations of T over Q e . 

Proposition A. 7. Every F q -invariant irreducible representation of T over Q e can 
be extended to a continuous representation ofT with finite image. 

Proof. Let p : T — y GL(V) be an F 9 -invariant irreducible representation of V 
over Q e . Then there exists a linear automorphism ip : V — ^> V with p(F q ( / y)) = 
•p o p(py) o ip" 1 for all 7 G T. If N is the order of the automorphism of V given by F q , 
then <f N commutes with p(T), whence <p N is scalar by Schur's lemma. Rescaling ip, 
we may assume that <p N = idy. Then p extends to a continuous representation p of 
r on V determined by p(F g ) = <p, and by construction, p has finite image. □ 

We now state two other results used in the proof of Proposition 6.14. They will 
be proved in §§A.17-A.18, following unpublished notes by Drinfeld. 

Proposition A. 8. For every F q -invariant irreducible representation p ofT overQ e , 
choose some extension p of p to a continuous representation of T with finite image, 
and form the function Xp '■ T — y Q ab defined by Xp{l) = tr(p(7 • F g )} . Then the 
functions x p form a basis for the space of functions T — y Q ab that are invariant 
under F q - conjugation. 

To explain the terminology, we recall that Fg-conjugation is the action of V on 
itself defined by 7 : x 1— > F q {j)x^~ l . The set of orbits for this action is identified 
with the cohomology if 1 (Gal(F/F,), V) = H\¥ q , U ). Similarly, for each n e N, the 
cohomology if 1 (F 9 u, U ) is identified with the set of F"-conjugacy classes in T. 

Proposition A. 9. Suppose that T has exponent p r . Every F q -invariant irreducible 
representation of V over Q e can be extended to a continuous representation of T, 
which has finite image and whose character takes values in Z[/x p r,p _1 ] c <Q^. 

Let us show how Proposition 6.14 follows from the results above. Suppose p is an 
Fg-invariant irreducible representation of T over and let p be an extension of p 

to a representation of T with finite image. If T has exponent p r , assume moreover 
that the character of p takes values in Z[/i p r,p _1 ] c Q^. 

Let Co G LoCf/ (SpecF ? ) correspond to p. Choose 7 G T and n G N, and let 
a G H l (F q n,Uo) correspond to the F"-conjugacy class of 7 in Y. Then the value 
of the trace-of-Frobenius function t^c ^ q v qn ) a on the 1-element set Xq (F g «) is equal 
to the trace of ^(7 • F") (this is a special case of the remarks in §4.10). Since p 
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has finite image, we see that £ is pure of weight and trace (p( 7 • F™)) G Q ab , 
whence Proposition 6.14(a) results from Proposition A. 7. Similarly, Proposition 
6.14(a') follows from Proposition A. 9. Furthermore, if n — 1, the value of tc« on 
the 1-element set Xq (¥ q ) is equal to Xp(t)> so Proposition 6.14(b) follows from 
Proposition A. 8. 

A.16. Proof of Corollary 6.21. Write A* = Hom(A,Q £ x ). If T is any Q r linear 
Karoubi complete 39 category and M is an object of ^ equipped with an action of A 
by automorphisms, we get a canonical decomposition M = © xg ^» M x , where each 
M x is a direct summand of M on which A acts via x- 

In particular, we obtain decompositions 

Loc^(X) = Locg(X) and Loc^(X ) = Loc* (X„) 

(direct sums of Q r linear categories). Moreover, IrrLoc^(A) becomes identified with 
the disjoint union U x ga* LrLoc~(X) (in a way compatible with the action of Fr*), 
so parts (a)-(a') of Corollary 6.21 follow from Proposition 6.14(a)-(a'). 

Next, by Remark 6.19(3), the connecting homomorphism 5 : Uo(¥ q ) — > A used in 
Definition 6.18 is surjective, and its kernel is equal to the image of Uo(¥ q ) — > Uo(¥ q ). 
Hence we obtain a decomposition 

Fun(X (F 9 ),Q ab )^ (F ' ) = Fun(X (F g ), Q ab ) f/ o(^),x_ 

x eA* 

The same argument applies to each pure inner form of Uo, so we deduce that 

Fun((^ \A )(F g )) = Fun(X )^* 

x eA* 

Since for every % G A* the elements (6.5) belong to the subspace Fun(X ) f/ °' x C 
Fun(Xo) f/ °, we see that part (b) of Corollary 6.21 follows from Proposition 6.14(b) 
together with the remarks in the first part of the proof and Lemma 6.23. 

A. 17. Proof of Proposition A. 8 (V. Drinfeld). Let Fun(r) be the space of 
functions T — > Q e and let A = Qe[T] be the group algebra of T over Q e . The space 
Fun(r) is naturally identified with Hom^(A, Q e ), i.e., the space of linear functionals 
on A (namely, A G HoniQ (A, Q e ) corresponds to the function / G Fun(r) which is 
the restriction of A : A — > Q e to T C A). The algebra automorphism of A induced 
by F q G Aut(r) will be denoted by 0. 



'This means that if M G and P e End^(M) satisfies P 2 = P, then P has a kernel. 
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Lemma A. 10. A function f G Fun(T) is invariant under F q - conjugation if and 
only if the corresponding linear functional A : A — > Q e satisfies the identity 

X((p(a)b) = X(ba) for all a,b G A. (A.12) 

Proof, f is invariant under i^-conjugation if and only if f(F q ( / y)x , ~f~ 1 ) = f(x) for all 
1,7 6 T, which is equivalent to the condition that /(0(7)y) = f{yi) for all y,j G T 
(make the change of variables ary -1 = y). Now use the linearity of A and <p. □ 

Proposition A. 8 follows from Lemma A. 10 and the next fact applied to A = <Q^[r]. 

Proposition A. 11. Let A be a finite dimensional semisimple associative algebra 
over (Q>£ equipped with an automorphism <f) : A — A. Let A denote the set of 
isomorphism classes of simple A-modules. For each p G (A)^ choose a realization 
p : A — > End(V p ) and an invertible operator <p p : V p — > V p so that 

(ftp o p(0(a)) = p(a) o (p p for all a G A. (A. 13) 

Then the functionals x p : A — > Q e , p G (A)^ , defined by x p (a) := tr(0 p o p(a)) 
form a basis of the space of all linear functionals A : A — > Q e satisfying (A.12). 

Proof. If the proposition holds for two pairs (A ± , (pi) and (A 2 , fo), then it also holds 
for (Ai x A 2 ,(f)i x (f> 2 ). Since any semisimple associative Q r algebra A is a product 
of matrix algebras A p , where p G A, it suffices to consider two cases: 

(i) the case where (A)^ = 0, and 

(ii) the case where A has only one simple module. 

In the first case we have to prove that any A G Hom^(A,Q £ ) satisfying (A.12) 

equals 0. Choose p G A and let e p G A be such that the image of e p in A p > 
equals 1 if p' — p and if p' ^ p. Apply (A.12) for a = e p and b G e p A. Then 
<j){a)b = 4>{e p )b = e^ p )b = e^ p )e p b = because 0(p) ^ p by assumption. So A(6) = 

for all b G e p A. Since p G A is arbitrary, we conclude that A = 0. 

It remains to consider the case where A has only one element, call it p. Then 
p : A — > EndQ (V p ) is an isomorphism. Let us use it to identify A with EndQ (V^). 
Then (A. 13) can be rewritten as 0(a) = <pr p x a<p p , and we have to prove that any 
linear functional A : End(V p ) — > such that 

A(0 p " 1 a0 p 6) = X(ba) for all a, b G End(V p ) (A.14) 

is proportional to the functional x p : End(Vp) — > Q e defined by x p (a) := tr(0 p a). 
Put «(a) := A(0^ 1 a). Then (A.14) is equivalent to the condition that p(aa') = p(a'a) 
for all a, a' G End(V p ). So p is proportional to tr and A is proportional to x p . □ 
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A. 18. Proof of Proposition A. 9 (V. Drinfeld). Throughout this subsection we 
write A = Jj[pL p r,p~ l ] and E = Q(/v) f° r brevity. Since p r is the exponent of T, 
a general fact from character theory of finite groups implies that the group algebra 
E[F] is isomorphic to a product of matrix algebras over E. Thus extension of scalars 
from E to Q e is a bijection between the sets of isomorphism classes of irreducible 
representations of T over E and over Q e . 

Consider the groupoid C whose objects are free finite rank A-modules M equipped 
with an action of T and a T-invariant Hermitian form (•,•): M x M — > A, and 
whose morphisms are T-equivariant isometries. 

Let C C C be the full subcategory consisting of objects M such that 

• the T-module E ®a M is irreducible, and 

• for every subgroup H C V and every character \ '■ H — > E x such that 
E <§)a M = Ind^ x as T-representations, the A-submodule 

M H ' X := {me M\hm = x(h)m V h E H) 

has a generator m H,x such that {m H ' x ,m H,x ) = 1. 

We will deduce Proposition A. 9 from the following result. 

Proposition A. 12. (a) Every irreducible representation ofT overQ e is isomorphic 
to Q e <S>a M for some M e C, and M is determined uniquely up to isomorphism. 

( b) The automorphism group of any M G C consists of multiplications by roots of 
unity in E. 

To see that Proposition A. 12 implies Proposition A. 9, let p be an irreducible 
representation of T over Q e whose isomorphism class is invariant under F q . Choose 
M e C so that p = Q E <S>a M. By the uniqueness assertion of Proposition A. 12, 
the isomorphism class of M is also invariant under F q . So there exists an A-linear 
isometry : M — U- M such that 070 _1 (m) = F q {pj){m) for all m G M and all 
7 G T. Then some power of is an automorphism of M in C, so by Proposition 
A. 12(b), some (possibly larger) power of is equal to the identity. Hence the action 
of T on M extends to a continuous action of T = Gal(F/F 9 ) x T with finite image, 
obtained by sending F q G Gal(F/F 9 ) to 0. If p is the resulting representation of T 
on ®a M, then p satisfies all the requirements of Proposition A. 9. 

Proof of Proposition A. 12. Assertion (b) follows from Schur's lemma and the fact 
that any element A G A such that A • A = 1 is a root of unity 40 . 



To see this, note that since E has only one place over p, the condition A • A = 1 implies that 
A is integral over Z. 
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Let us prove (a). Let p be an irreducible representation of T over Qi and choose 
H C T and x '■ H — > so that p = lnd r H x- Define M G C as follows. As an 
vl-module, M consists of functions / : T — > A such that /(7/1) = x(^) -1 /(7) f° r 
all 7 G T and all h G H . The action of V is given by left translations. The Hermitian 
form is given by (f u f 2 ) = Y. ie v/H A(t) • ftO)- 

Note that ®a M is isomorphic to p as a representation of T by construction. 
Moreover, if M G C is such that Q e ®a M = p, then M is C-isomorphic to Mq\ a 
choice of m G M H,X with (m, m) = 1 defines mutually inverse morphisms 

/— ► E /(7)-7M, /GM ; 
7er/H 

— ► Wt) -(^tH), x G M. 

It remains to check that M G C. That is, we have to show that if p = Ind^/ x' f° r 
some H' C T and some x' '■ H' — > , then the A-module M$ ' x has a generator 
m! such that (m f , m') = 1. If p r < 2, then Y is abelian, so that H' = H = T and the 
existence of m' is obvious. If p r > 2, one can argue as follows. It is easy to see that 
Mq ' x has a generator m" such that (m",m") = p s for some s G Z. By Remark 
1.11, we can find A G A x such that A ■ A = p. Then we can put wl = \~ s ■ m". □ 

The proof of the next consequence of Proposition A. 12 is of independent interest. 

Corollary A. 13 (V. Drinfeld). Let T be a finite p-group, let p be an irreducible 
representation of Y over Q e , and let Aut p (T) be the stabilizer of the isomorphism 
class of p in Aut(T). Thus p defines a projective representation of Aut p (T), and 

therefore a central extension of Aut p (T) by . We write a p G iJ 2 (Aut p (T), Q^) 
for its cohomology class. Then a p belongs to the image of the natural map 

# 2 (Aut,(r),/v) — ► # 2 (Aut p (r),Q, x ), 

where p r is the exponent ofT. 

Proof. If p E C E x denotes the group of all roots of unity in E = Q(p p r), then 
Proposition A. 12 implies that a p belongs to the image of the natural map 

H 2 (Aut p (T),p E ) ^# 2 (Aut p (r),Q £ x ). 

The group pe is isomorphic to p, p r © B, where B has order 2 if p 7^ 2 and B = if 
p — 2. So to finish the proof of the corollary, it suffices to show that a p is annihilated 
by a power of p. Now a p comes from a central extension 

1 — > E x — > n — > Aut p (r) — > 1. 

The homomorphism det : II — > E x induces on E x the map A h-> A dim ( p ). So a p is 
annihilated by dim(p), which is a power of p. □ 
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